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INTERTWINERS OF U ′q
(
ŝl(2)
)
-REPRESENTATIONS
AND THE VECTOR-VALUED BIG q-JACOBI TRANSFORM
R.M. GADE
Abstract. Linear operators R are introduced on tensor products of evalua-
tion modules of U ′
q
(
ŝl(2)
)
obtained from the complementary and strange series
representations. The operators R satisfy the intertwining condition on finite
linear combinations of the canonical basis elements of the tensor products.
Infinite sums associated with the action of R on six pairs of tensor products
are evaluated. For two pairs, the sums are related to the vector-valued big q-
Jacobi transform of the matrix elements defining the operator R. In one case,
the sums specify the action of R on the irreducible representations present in
the decomposition of the underlying indivisible sum of Uq
(
sl(2)
)
-tensor prod-
ucts. In both cases, bilinear summation formulae for the matrix elements of R
provide a generalization of the unitarity property.
1. Introduction
The strange series representation of the quantum algebra Uq
(
su(1, 1)
)
has no
classical analog among the irreducible ∗ -representations of the Lie-algebra su(1, 1).
Tensor products of the discrete series representations π+ and π− of Uq
(
su(1, 1)
)
as
well as the principal unitary series πP and the complementary series πC have been
analyzed in [1]-[5] (see also references given therein). Clebsch-Gordon and Racah
coefficients are specified in [1], [3] and [4]. Detailed investigations of the tensor
products give rise to various summation formulae for q-polynomials ([3] and [4]).
Uq-representations involving the strange series have been considered in [5], where
the decompositions of the ”indivisible” sums of tensor products (πC⊗πC)⊕(πS⊗πS)
and (πP⊗πP )⊕(πP⊗πP ) are determined. The ”indivisible” representations can be
viewed as quantum analogs of the tensor products of the complementary series or
the principal unitary series of su(1, 1). Among further indivisible sums, the pairs
(π− ⊗ π+) ⊕ (πS ⊗ πS) and (π− ⊗ πS) ⊕ (πS ⊗ π+) are studied in context with
the corepresentation theory of the locally compact quantum group analog of the
normalizer of SU(1, 1) in SL(2,C).
The present study deals with tensor products of evaluation modules of U ′q
(
ŝl(2)
)
associated with the complementary series representations πC and the strange series
representations πS . Their U ′q
(
ŝl(2)
)
-structure entails a complex parameter z
1
2 re-
ferred to as spectral parameter. The representations are constructed by pulling back
infinite-dimensional representations of the quantum algebra Uq
(
sl(2)
)
by means of
the evaluation homomorphism established in [6]. Various linear operators R are
introduced in terms of matrix elements determined by the intertwining property
formulated with respect to the canonical basis elements of the tensor products. In
This Research project is supported by M. Krautga¨rtner.
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this sense, the operators R are referred to as intertwiners. The first set of intertwin-
ers maps the tensor products corresponding to πC ⊗ πC and πS ⊗ πS onto tensor
products of the same type but with inverse spectral parameter. A second set of
intertwiners relates the tensor products corresponding to πC⊗πS and πS⊗πC . For
both sets, the U ′q
(
ŝl(2)
)
-representations are specified by the most general choice of
parameters compatible with the intertwining property. In each case, the intertwin-
ing property admits two solutions for R specified by the sets
{
Rk,k+r
∗
l,l+r∗
}
k,r,l∈Z
and{
Rˇk,k+r
∗
l,l+r∗
}
k,r,l∈Z
of matrix elements. A single element is presented in terms of two
nonterminating 4φ3-series.
The action of the linear operators R on finite linear combinations of the canon-
ical basis elements with coefficients essentially given by big q-Jacobi functions [7]
is examined. With a suitable restriction of the spectral parameter z
1
2 , the limit
of infinite linear combinations gives rise to the bilateral sums τ (r,k)± and τ (r,k)
associated with the set
{
Rk,k+r
∗
l,l+r∗
}
,
{
Rˇk,k+r
∗
l,l+r∗
}
or certain combinations of both. In
general, the sums τ (r,k)± and τ (r,k) obey inhomogeneous recurrence relations with
respect to the parameters r and k. However, particular linear combinations Ξ(r,k)±
and Ξ(r,k) of two sums are governed by homogeneous recurrence relations. Two
types of combinations characterized by a parameter β taking the values 1 or −1
are distinguished. For β = 1, tensor products of the same type are assembled. If
β = −1, the combinations decompose into the vector-valued big q-Jacobi trans-
forms [8] of the elements Rk,k+r
∗
l,l+r∗ and Rˇ
k,k+r∗
l,l+r∗ . In one case, the linear combinations
Ξ(r,k)± and Ξ(r,k) with β = −1 have an interpretation related to the decomposi-
tions of ”indivisible” representations found in [5]. Viewing the intertwiners R as
operators acting on T = (πC⊗πC)⊕(πS⊗πS), the transforms describe their action
onto an irreducible component in the decomposition of T .
A summation formula for the evaluation of Ξ(r,k)± is derived. For a particular
linear combination rk,k+r
∗
l,l+r∗ of the matrix elements R
k,k+r∗
l,l+r∗ and Rˇ
k,k+r∗
l,l+r∗ , the eval-
uation of the corresponding sums Ξ(r,k)± and Ξ(r,k) provides simpler expressions.
Moreover, the element rk,k+r
∗
l,l+r∗ and a further combination r˚
k,k+r∗
l,l+r∗ are distinguished
by their properties at a particular value z0 of the squared spectral parameter. In
particular, at z = z0 they are well-defined for intertwiners mapping tensor prod-
ucts of evaluation modules to tensor products with the same parameters. Up to
a normalization, for the same value of z a certain linear combination r¯k,k+r
∗
l,l+r∗ of
rk,k+r
∗
l,l+r∗ and r˚
k,k+r∗
l,l+r∗ reduces to δk,l. Referring to the nomenclature used in context
with the construction of integrable vertex models (see [9] or [10], for example), this
property is termed the initial condition. At z = z0, the single components r
k,k+r∗
l,l+r∗
and r˚k,k+r
∗
l,l+r∗ with k 6= l involve a contribution by terminating 4φ3-series.
The second part of the paper addresses the construction of inverse intertwiners.
Two linear combinations r±
k,k+r∗
l,l+r∗ of the matrix elements r
k,k+r∗
l,l+r∗ and r˚
k,k+r∗
l,l+r∗ are
introduced. In the case β = −1, suitable adjustments of the parameters character-
izing the elements Rk,k+r
∗
l,l+r∗ allow successive applications of the summation formulae
for the sums Ξ(r,k)± and Ξ(r,k). Here the subsequent action of a second intertwiner
mapping back to the original tensor products is considered for β = −1. Specifying
the first intertwiner by the set
{
r+
k,k+r∗
l,l+r∗
}
and the second by
{
r−
k,k+r∗
l,l+r∗
}
or vice
versa, the sums σ[±](r,m) describing the action of both are evaluated. Application
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of the vector-valued big q-Jacobi function transform pair allows to deduce a qua-
dratic bilateral summation formula obeyed by the elements r+
k,k+r∗
l,l+r∗ and r−
k,k+r∗
l,l+r∗ .
Upon adjustment by a simple normalization the second intertwiner is found to in-
vert the action of the first. This result can be regarded as generalization of the
unitarity property required for the construction of integrable vertex models from
finite-dimensional Uq
(
sl(2)
)
-modules. Since the matrix elements r±
k,k+r∗
l,l+r∗ satisfy
an initial condition, the generalized unitarity can be expected to present a special
case of Yang-Baxter type relations. An account of the latter will be given in a
separate publication.
The evaluation of the sums Ξ(r,k)± and Ξ(r,k) is achieved by means of various
transformation properties and summation formulae of the (bilateral) basic hyperge-
ometric series [11] and the homogeneous recurrence relations for Ξ(r,k)± and Ξ(r,k),
provided that a constraint is imposed on the spectral parameter z
1
2 and the spec-
tral value of the big q-Jacobi functions. Due to two particular relations satisfied
by the combinations Ξ(r,k), the condition can be released sufficiently with respect
to the spectral value to accommodate the complete spectrum contributing to the
vector-valued big q-Jacobi transform. The first relation provides a contiguous rela-
tion with respect to the spectral value. For its derivation, a variant of a procedure
employed in [12] proves efficient.
The main results of this investigation are formulated by Theorem 1 in subsection
5.4 and by Proposition 3 and Corollary 4 in subsection 7.3.
The paper is organized as follows. Section 2 summarizes the definitions of basic
hypergeometric series and properties of the Jacobi theta function. In section 3, the
Chevalley basis of U ′q
(
ŝl(2)
)
and the modules corresponding to the complementary
and strange series are introduced. Section 4 provides the definition of the intertwin-
ers R. Explicit expressions for the matrix elements and some of their properties are
given. Section 5 proceeds to the definition of the sums τ (r,k)± and τ (r,k) and the
evaluation of Ξ(r,k)± and Ξ(r,k). In subsection 5.1, the coefficients underlying the
sums τ (r,k)± and τ (r,k) are introduced by expressions particularly suited to the lat-
ter purpose. Their reformulation in terms of big q-Jacobi functions is included. The
definition of the sums τ (r,k)± and τ (r,k) follows in subsection (5.2), where the linear
combinations Ξ(r,k)± and Ξ(r,k) as well as their homogeneous recurrence relations
are specified. Subsection 5.3 collects the rewritings of the combinations Ξ(r,k)±
and Ξ(r,k) with β = −1 in terms of vector-valued big q-Jacobi transforms. Sub-
section 5.4 presents the evaluation of the sums Ξ(r,k)± associated with the matrix
elements Rk,k+r
∗
l,l+r∗ and Rˇ
k,k+r∗
l,l+r∗ . Then the result is applied to provide expressions
for the sums Ξ(r,k)± and Ξ(r,k) corresponding to the combinations rk,k+r
∗
l,l+r∗ . The
special case relevant to the initial condition is addressed in section 6. Section 7
deals with the successive action of intertwiners. A short general consideration is
found in subsection 7.1. Evaluations of the sums Ξ(r,k)± and Ξ(r,k) related to the
elements r˚k,k+r
∗
l,l+r∗ are obtained in subsection 7.2. The sums σ
[±](r,m) revealing the
generalized unitarity property in the case β = −1 are investigated in subsection
7.3.
Appendix A contains the proof of the intertwining property as well as further
selected properties of the sets
{
Rk,k+r
∗
l,l+r∗
}
and
{
Rˇk,k+r
∗
l,l+r∗
}
. For the linear combina-
tions Ξ(r,k), the contiguous relations with respect to z
1
2 and the spectral values of
the big q-Jacobi functions are derived in Appendix B.
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2. Definitions
According to [11], the basic hypergeometric series mφn with m ≤ n+ 1 and the
bilateral basic hypergeometric series nψn with base q˜ are defined by
(1) mφn
(
a1, a2, . . . , am
b1, b2, . . . , bn
; q˜, w
)
=
∞∑
t=0
(a1, a2, . . . , am; q˜)tw
t
(q˜, b1, b2, . . . , bn; q˜)t
[
(−1)tq˜ t(t−1)2
]n+1−m
and
(2) nψn
(
a1, a2, . . . , an
b1, b2, . . . , bn
; q˜, w
)
=
∞∑
t=−∞
(a1, a2, . . . , an; q˜)tw
t
(b1, b2, . . . , bn; q˜)t
,
where the q˜-shifted factorials are given by
(a1, a2, . . . , an; q˜)t = (a1; q˜)t(a2; q˜)t . . . (an; q˜)t,
(a; q˜)t =

(a;q˜)∞
(aq˜t;q˜)∞
, (a; q˜)∞ =
∏∞
s=0(1− aq˜s) for t ≥ 0,
1(
aq˜t;q˜
)
−t
for t < 0.
The very well poised basic hypergeometric series with base q˜ is introduced by
n+1Wn(a1; a4, a5, . . . , an+1; q˜, w) ≡
n+1φn
(
a1, q˜
√
a1, −q˜√a1, a4, a5, . . . , an+1√
a1, −√a1, q˜a1a−14 , q˜a1a−15 , . . . , q˜a1a−1n+1
; q˜, w
)
=
∞∑
t=0
1− a1q˜2t
1− a1
(a1, a4, a5, . . . , an+1; q˜)tw
t
(q˜, q˜a1a
−1
4 , q˜a1a
−1
5 , . . . , q˜a1a
−1
n+1; q˜)t
.
Throughout the paper, a fixed value of q˜ subject to 0 < q˜ < 1 is assumed. The
property
(3)
(
aq˜−t; q˜
)
t
= (−1)tatq˜−t(t+1)(a−1q˜; q˜)
t
will be used without explicit mentioning.
The renormalized Jacobi theta function θq˜(x) = (x, x
−1q˜; q˜)∞ satisfies the prop-
erty
(4) θq˜(xq˜
t) = (−1)tx−tq˜− 12 t(t−1)θq˜(x).
Among the relations for its products denoted by θq2(x1, x2, . . . , xn) = θq2(x1)θq2 (x2) . . . θq2(xn),
the simplest given in [[11]:ex.2.16(i)] reads
(5) θq2
(
xλ, xλ−1, µν, µν−1
)− θq2(xν, xν−1, µλ, µλ−1) =
µλ−1θq2
(
xµ, xµ−1, λν, λν−1
)
.
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3. The quantum affine algebra U ′q
(
ŝl(2)
)
U ′q
(
ŝl(2)
)
is the C-algebra generated by {ei, fi, q±hi}i=0,1 subject to the defining
relations [13], [14]
q±hiq±hj = q±hjq±hi , q±hiq∓hj = q∓hjq±hi ,
qhiej = q
aijejq
hi , qhifj = q
−aijfjq
hi ,
[ei, fj] = δi,j
qhi − q−hi
q − q−1 ,
e3jei − (1 + q2 + q−2)(e2jeiej − ejeie2j)− eie3j = 0,
f3j fi − (1 + q2 + q−2)(f2j fifj − fjfif2j )− fif3j = 0,
(6)
where a00 = a11 = −a01 = −a10 = 2. Restriction of (6) to i, j = 1 yields the
quantum algebra Uq
(
sl(2)
)
. With the coproduct specified by
(7) ∆(ei) = ei⊗1+qhi⊗ei, ∆(fi) = fi⊗q−hi+1⊗fi, ∆
(
q±hi
)
= q±hi⊗q±hi ,
the antipode
S(ei) = −q−hiei, S(fi) = −fiqhi , S(q±hi) = q∓hi
and the counit given by ǫ(ei) = ǫ(fi) = ǫ(hi) = 0, ǫ(1) = 1, U
′
q
(
ŝl(2)
)
is equipped
with a Hopf algebra structure.
On the U ′q
(
ŝl(2)
)
-modules W (ǫ,q
2σ) and W (ǫ,q
2σ)∗ with bases {w(ǫ,q2σ)l }l∈Z and
{w(ǫ,q2σ)∗l }l∈Z, the representations πW : U ′q
(
ŝl(2)
)→ End(W ) are defined by
q±h1w
(ǫ,q2σ)
l = q
∓h0w
(ǫ,q2σ)
l = q
∓2(l+ǫ)w
(ǫ,q2σ)
l ,
(1− q2)e1w(ǫ,q
2σ)
l = (1 − q2)f0w(ǫ,q
2σ)
l = −q−2(l+ǫ)+3sl−1
(
q2ǫ, q2σ
)
w
(ǫ,q2σ)
l−1 ,
(1− q2)f1w(ǫ,q
2σ)
l = (1 − q2)e0w(ǫ,q
2σ)
l = sl
(
q2ǫ, q2σ)w
(ǫ,q2σ)
l+1
(8)
for W =W (ǫ,q
2σ) and
q±h1w(ǫ,q
2σ)∗ = q∓h0w(ǫ,q
2σ)∗ = q±2(l+ǫ)w
(ǫ,q2σ)∗
l ,
(1− q2)e1w(ǫ,q
2σ)∗
l = (1− q2)f0w(ǫ,q
2σ)∗
l = q
2sl
(
q2ǫ, q2σ
)
w
(ǫ,q2σ)∗
l+1 ,
(1− q2)f1w(ǫ,q
2σ)∗
l = (1− q2)e0w(ǫ,q
2σ)∗
l = −q−2(l+ǫ)+1sl−1
(
q2ǫ, q2σ
)
w
(ǫ,q2σ)∗
l−1
(9)
for W =W (ǫ,q
2σ)∗, where
sl(A,B) =
√(
1 + q2l+1AB
)(
1 + q2l+1AB−1
)
and q2σ = ±q2u with u ∈ R. As a Uq
(
sl(2)
)
-representation, πW (ǫ,q2t)∗ with t ∈ R
corresponds to the strange series representation πS|t|,ǫ if ǫ ∈ [0, 1) and t 6= 0 (see [15])
while πW (ǫ,−q2t)∗ corresponds to the complementary series representation π
C
t− 12 ,ǫ
if
ǫ ∈ [0, 12 ) and t ∈ (0, 12−ǫ) or ǫ ∈ (12 , 1) and t ∈ (0, ǫ− 12 ). The defining relations for
W (ǫ+m,q
2σ) and W (ǫ+m,q
2σ)∗ with m ∈ Z such that ǫ+m ∈ [0, 1) are obtained from
the relations (8) and (9) by means of the substitutions w
(ǫ,q2σ)
l → w(ǫ+m,q
2σ)
l−m and
w
(ǫ,q2σ)∗
l → w(ǫ+m,q
2σ)∗
l−m , respectively. Here the modules W
(ǫ,q2σ) and W (ǫ,q
2σ)∗ will
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be considered for both ǫ and u real and non-negative such that 2n < 2(ǫ±u)+ 1 <
2(n+1) with n ∈ N0. Then the square roots in (8) and (9) refer to the non-negative
roots of real non-negative numbers.
In the special case q2σ = −q2ǫ−1, the modules defined by (8) and (9) decompose
(see Section 3 of [12]). The sets
{
w
(ǫ,−q2ǫ−1)
l
}
l∈Z≥0
and
{
w
(ǫ,−q2ǫ−1)∗
l
}
l∈Z≥0
provide
a basis for a highest and a lowest weight module, respectively. Moreover, the sets{
w
(ǫ,−q2ǫ−1)
l
}
l∈Z<0
and
{
w
(ǫ,−q2ǫ−1)∗
l
}
l∈Z<0
furnish a basis of a lowest and a highest
weight module, respectively.
The representations πW : U
′
q
(
ŝl(2)
) → End(W ) defined by (8) and (9) are con-
structed from the corresponding Uq
(
sl(2)
)
-representations given by (8) and (9) by
means of the Jimbo homomorphism established in [6].
Following [[16]:sect.4], an automorphism D
z
1
2
of U ′q
(
ŝl(2)
)⊗C[z 12 , z− 12 ] is intro-
duced for the formal variable z
1
2 by
(10) D
z
1
2
(ei) = z
1
2 δi,0ei, D
z
1
2
(fi) = z
− 12 δi,0fi, D
z
1
2
(q±hi) = q±hi .
With z
1
2 specialized to a nonvanishing complex parameter, the evaluation repre-
sentation π
W (z
1
2 )
: U ′q
(
ŝl(2)
)→ End(W )⊗ C[z 12 , z− 12 ] is defined by
(11) π
W (z
1
2 )
(X) = πW
(
D
z
1
2
(X)
)
, X ∈ U ′q
(
ŝl(2)
)
.
The evaluation modules W (z
1
2 ) satisfy π
W (z
1
2 y
1
2 )
(X) = π
W (z
1
2 )
(
D
y
1
2
(X)
)
. In par-
ticular, the evaluation modules W (1) with W = W (ǫ,q
2σ) and W = W (ǫ,q
2σ)∗ are
equivalent to the modules introduced by (8) and (9).
4. The intertwiners
The present section addresses linear operators R(z˜
1
2 , z
1
2 ) relating the two tensor
products W (ǫ1,q
2σ1 )(z˜
1
2 )⊗W (ǫ2,q2σ2 )∗(z˜− 12 ) and W (ǫ4,q2σ4 )(z− 12 )⊗W (ǫ3,q2σ3 )∗(z 12 ),
where z˜
1
2 = ±z 12 . With suitable restrictions on the parameters, the matrix elements
of R(z˜
1
2 , z
1
2 ) wrt the canonical basis elements of the tensor products obey the
intertwining condition. A first set of matrix elements is specified by the explicit
expressions (15) in terms of two nonterminating 4φ3-series. Simple replacements
of the parameters provide further sets characterized by the intertwining property.
Linear relations combine any three different sets. All statements concerning the
matrix elements are shown in Appendix A.
The convergence properties of the sums considered in the following section as
well as the existence of homogeneous relations for particular linear combinations
of two sums are a consequence of the asymptotic behaviour of the matrix elements
of R(z˜
1
2 , z
1
2 ). At the end of this section, the asymptotics are obtained from the
explicit expressions of the matrix elements.
For the evaluation modules associated with the U ′q
(
ŝl(2)
)
-modules W (ǫ1,q
2σ1 ),
W (ǫ2,q
2σ2)∗, W (ǫ3,q
2σ3 )∗, W (ǫ4,q
2σ4 ), linear operators R(z˜
1
2 , z
1
2 ): W (ǫ1,q
2σ1)(z˜
1
2 ) ⊗
W (ǫ2,q
2σ2)∗(z˜−
1
2 ) −→W (ǫ4,q2σ4 )(z− 12 )⊗W (ǫ3,q2σ3 )∗(z 12 ) are specified in the cases
z˜
1
2 = z
1
2 , q2σ3 = q2σ1 , q2σ4 = q2σ2
INTERTWINERS AND THE VECTOR-VALUED BIG q-JACOBI TRANSFORM 7
and
z˜
1
2 = −z 12 , q2σ3 = −q2σ1 , q2σ4 = −q2σ2 .
In both cases, the restriction
(12) ǫ2 − ǫ1 = ǫ3 − ǫ4
is imposed. For either choice, the operators R(z˜
1
2 , z
1
2 ) are defined by
R(z˜
1
2 , z
1
2 )
(
w
(ǫ1,q
2σ1 )
l1
⊗ w(ǫ2,q2σ2)∗l2
) ≡ ∞∑
k1,k2=−∞
R
k2,k
∗
1
l1,l∗2
w
(ǫ4,q
2σ4 )
k2
⊗ w(ǫ3,q2σ3)∗k1
with the coefficients R
k2,k
∗
1
l1,l∗2
determined by the intertwining property
(13) ∆
z−
1
2
(X)R(z˜
1
2 , z
1
2 )
(
w
(ǫ1,q
2σ1 )
l1
⊗ w(ǫ2,q2σ2 )∗l2
)
=
R(z˜
1
2 , z
1
2 )∆
z˜
1
2
(X)
(
w
(ǫ1,q
2σ1 )
l1
⊗ w(ǫ2,q2σ2 )∗l2
)
,
X ∈ U ′q
(
ŝl(2)
)
.
The equations (13) entail the maps
∆
z
1
2
(X) = (D
z
1
2
⊗D
z−
1
2
)∆(X),
where the automorphism D
z
1
2
is defined by (10).
With the additional restrictions
(14a) q2(ǫ2−ǫ1+σ3−σ4) 6= q2t1 , q2(ǫ2−ǫ1−σ3−σ4) 6= q2t2 , t1, t2 ∈ Z>0,
(14b) q2(ǫ2−ǫ1−σ3+σ4) 6= q2t, t ∈ Z,
a set of R-elements {Rk2,k1∗l1,l∗2 } with the intertwining property (13) is provided by
(15) R
k2,k
∗
1
l1,l∗2
= 0 if k1 − k2 6= l2 − l1,
R
k,k+r∗
l,l+r∗ = R
k,k+r∗
l,l+r∗ ≡ Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
κr z
−k−rql−k−r
S−k
(
q−2ǫ4 , q2σ4
)
S−k−r
(
q−2ǫ3 , q2σ3
) Sl+r(q2ǫ2 , αq2σ4)
Sl
(
q2ǫ1 , αq2σ3
) ·{ (
αq2(l−k−r+ǫ1−ǫ3+1), zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2
)
∞(
αz−1q2(l−k+ǫ1−ǫ4), q−2(ǫ2−ǫ1+σ3−σ4)+2, q2(r+ǫ2−ǫ1−σ3+σ4); q2
)
∞
·(
q−2(r+ǫ2−ǫ1−σ3−σ4)+2; q2
)
r
·
4φ3
(−q−2(k+r+ǫ3−σ3)+1, −αq2(l+ǫ1+σ3)+1, zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1)
αq2(l−k−r+ǫ1−ǫ3+1), q−2(r+ǫ2−ǫ1−σ3+σ4)+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2
; q2, q2
)
+
(
αq2(l−k+ǫ1−ǫ4−σ3+σ4+1),−q−2(k+r+ǫ3−σ3)+1,−αq2(l+ǫ1+σ3)+1; q2)
∞(
αz−1q2(l−k+ǫ1−ǫ4),−q−2(k+ǫ4−σ4)+1,−αq2(l+r+ǫ2+σ4)+1; q2)
∞
·(
zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1), q4σ4+2; q2
)
∞(
q−2(ǫ2−ǫ1+σ3−σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2, q−2(r+ǫ2−ǫ1−σ3+σ4); q2
)
∞
·
4φ3
(−q−2(k+ǫ4−σ4)+1, −αq2(l+r+ǫ2+σ4)+1, zq2(σ4−σ3+1), z−1q2(σ4−σ3)
αq2(l−k+ǫ1−ǫ4−σ3+σ4+1), q4σ4+2, q2(r+ǫ2−ǫ1−σ3+σ4+1)
; q2, q2
)}
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where k, l, r ∈ Z, α = z− 12 z˜ 12 = q2(σ3−σ1) = q2(σ4−σ2),
(16) κr =
zrαrq−2rσ4+r(
zq−2(r+ǫ2−ǫ1)+2; q2
)
r
and
Sl(A,B) =
√(−ABq2l+1,−AB−1q2l+1; q2)
∞
.
The intertwining property is demonstrated in Appendix A. Due to (12), the con-
dition (14b) is not satisfied in the case q2ǫ3 = −q2σ3+1, q2ǫ4 = −q2σ4+1 studied in
[12]. However, the conditions (14a) and (14b) allow the choice q2ǫ1 = −q2σ1+1 =
−αq2σ3+1, q2ǫ2 = −q2σ2+1 = −αq2σ4+1. This special case will be discussed sepa-
rately in context with the big q-Jacobi function transform of the R-elements.
If |q−2(k+ǫ4−σ4)+1| < 1, the rhs of (15) can be obtained from the expression
given by (167) which is manifestly invariant under the exchange σ3 → −σ3 and
requires the property (14a) only. Thus, if both (14) and the condition (14b) with
σ3 replaced by −σ3 are fulfilled, the coefficients (15) satisfy
(17) Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1, q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q−2σ3 , q2σ4
)
if |q−2(k+ǫ4−σ4)+1| < 1. For other values of k, equation (165) ensures the property
(17).
If σ4 6= 0, a different set of solutions is given by
(18) Rk,k+r
∗
l,l+r∗ = Rˇ
k,k+r∗
l,l+r∗ ≡ Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q−2σ4
)
.
For any solution {Rk,k+rl,l+r∗}, replacing Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1, q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
by
R
k+r,k∗
l+r,l∗
(
z, α; q2ǫ2 , q2ǫ1 ; q2ǫ4 , q2ǫ3 ; q2σ4 , q2σ3
)
gives another set of coefficients satisfy-
ing the conditions (13). This is easily seen writing out the equations (13) explicitly
according to the definition of the coproduct and the U ′-modules by (7) and (8),
(9). Besides (15) and (18), the following investigations involve the solutions
(19) Rk,k+r
∗
l,l+r∗ = R˚
k,k+r∗
l,l+r∗ ≡ R˚k,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
Rk+r,k
∗
l+r,l∗
(
z, α; q2ǫ2, q2ǫ1 ; q2ǫ4 , q2ǫ3 ; q2σ4 , q2σ3
)
and
(20) Rk,k+r
∗
l,l+r∗ =
ˇ˚
Rk,k+r
∗
l,l+r∗ ≡ ˇ˚Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
Rk+r,k
∗
l+r,l∗
(
z, α; q2ǫ2, q2ǫ1 ; q2ǫ4 , q2ǫ3 ; q2σ4 , q−2σ3
)
.
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As shown in Appendix A, the coefficients Rk,k+r
∗
l,l+r∗ , Rˇ
k,k+r∗
l,l+r∗ and R˚
k,k+r∗
l,l+r∗ are related
by
(21)
(
zq2(σ3−σ4+1), z−1q2(σ3−σ4), q−2(ǫ2−ǫ1+σ3−σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
∞
·
q2σ4θq2
(
q2(ǫ2−ǫ1+σ3+σ4+1)
)
Rk,k+r
∗
l,l+r∗
− (zq2(σ3+σ4+1), z−1q2(σ3+σ4), q−2(ǫ2−ǫ1+σ3+σ4)+2, q−2(ǫ2−ǫ1−σ3+σ4)+2; q2)
∞
·
q−2σ4θq2
(
q2(ǫ2−ǫ1+σ3−σ4+1)
)
Rˇk,k+r
∗
l,l+r∗
− (zq2(ǫ1−ǫ2+1), z−1q2(ǫ1−ǫ2), q2(ǫ2−ǫ1+σ3+σ4+1), q2(ǫ2−ǫ1+σ3−σ4+1); q2)
∞
·
q2σ4θq2
(
q4σ4+2
)
R˚k,k+r
∗
l,l+r∗ = 0.
For the coefficients Rk,k+r
∗
l,l+r∗ , the asymptotic behaviour in the limit l → ∞ is
easily inferred from equation (15):
(22) lim
l→∞
(
q−lRk,k+r
∗
l,l+r∗
)
= κrz
−k−rq−k−r
√ (−q−2(k+ǫ4+σ4)+1; q2)
∞(−q−2(k+r+ǫ3+σ3)+1; q2)
∞
·{√ (−q−2(k+ǫ4−σ4)+1; q2)
∞(−q−2(k+r+ǫ3−σ3)+1; q2)
∞
(
zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2
)
∞(
q2(r+ǫ2−ǫ1−σ3+σ4), q−2(ǫ2−ǫ1+σ3−σ4)+2; q2
)
∞
·(
q−2(r+ǫ2−ǫ1−σ3−σ4)+2; q2
)
r
·
3φ2
(−q−2(k+r+ǫ3−σ3)+1, zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1)
q−2(r+ǫ2−ǫ1−σ3+σ4)+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2
; q2, q2
)
+
√(−q−2(k+r+ǫ3−σ3)+1; q2)
∞(−q−2(k+ǫ4−σ4)+1; q2)
∞
·(
zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1), q4σ4+2; q2
)
∞(
q−2(r+ǫ2−ǫ1−σ3+σ4), q−2(ǫ2−ǫ1+σ3−σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
∞
·
3φ2
(−q−2(k+ǫ4−σ4)+1, zq2(σ4−σ3+1), z−1q2(σ4−σ3)
q2(r+ǫ2−ǫ1−σ3+σ4+1), q4σ4+2
; q2, q2
)}
.
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The rhs depends on the parameters ǫ1 and ǫ2 only through their difference. If
q2(k+r+ǫ3+σ3)+1 < 1, equation (159) gives
(23) z−lq−lR k,k+r
∗
−l,−l+r∗ ∼ κr
√
θq2
(−q2(r−ǫ4−σ4)+1,−αq2(r+ǫ2−σ4)+1)
θq2
(−q−2(ǫ3+σ3)+1,−αq2(ǫ1−σ3)+1) ·
1
θq2
(
αz−1q2(r+ǫ1−ǫ4)
)(
q−2(ǫ2−ǫ1+σ3−σ4)+2; q2
)
∞
·{
θq2
(
αq2(ǫ1−ǫ3+1)
)√θq2(−q2(r−ǫ4+σ4)+1,−αq2(r+ǫ2+σ4)+1)
θq2
(−q−2(ǫ3−σ3)+1,−αq2(ǫ1+σ3)+1) ·(
zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2
)
∞
(
q−2(r+ǫ2−ǫ1−σ3−σ4)+2; q2
)
r(
q2(r+ǫ2−ǫ1−σ3+σ4); q2
)
∞
·
3φ2
(−q−2(k+r+ǫ3−σ3)+1, zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1)
q−2(r+ǫ2−ǫ1−σ3+σ4)+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2
, q2,−q2(k+r+ǫ3+σ3)+1
)
+ θq2
(
αq2(r+ǫ2+ǫ3−σ3+σ4+1)
)√ θq2(−q−2(ǫ3−σ3)+1,−αq2(ǫ1+σ3)+1)
θq2
(−q2(r−ǫ4+σ4)+1,−αq2(r+ǫ2+σ4)+1) ·(−q2(k+r+ǫ3+σ3)+1, zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1), q4σ4+2; q2)
∞(−q2(k+ǫ4+σ4)+1, q−2(r+ǫ2−ǫ1−σ3+σ4), q−2(ǫ2−ǫ1−σ3−σ4)+2; q2)
∞
·
3φ2
(−q−2(k+ǫ4−σ4)+1, zq2(σ4−σ3+1), z−1q2(σ4−σ3)
q2(r+ǫ2−ǫ1−σ3+σ4+1), q4σ4+2
; q2,−q2(k+r+ǫ3+σ3)+1
)}
+O(q2l)
in the limit l→∞. A general result can be formulated by
(24) z−lq−lRk,k+r
∗
−l,−l+r∗ ∼ R(r)k
as l → ∞, where R(r)k is given by the rhs of (23) if q2(k+r+ǫ3+σ3)+1 < 1. The
element Rk,k+r
∗
−l,−l+r∗ can be expressed in terms of R
k,k+r+1∗
−l,−l+r+1∗ and R
k+1,k+r+1∗
−l,−l+r∗ due
to the relation Bk,r,−l = 0 with Bk,r,−l specified by (151). Its derivation is given in
Appendix A. The relation implies
(25) z−lq−lRk,k+r
∗
−l,−l+r∗ ∼
1− zq−2(r+ǫ2−ǫ1)
s−k−r−1(q−2ǫ3 , q2σ3)
R
(r+1)
k + q
−2(r+ǫ2−ǫ1)−1 s−k−1(q
−2ǫ4 , q2σ4)
s−k−r−1(q−2ǫ3 , q2σ3)
R
(r)
k+1,
provided that both the limit (24) with r → r+1 and (24) with k → k+1 exist. Thus
the relation establishes the result (24) for all values of k+ r with the function R
(r)
k
obtained recursively from the rhs of (23) by means of (25) if q2(k+r+ǫ3+σ3)+1 > 1.
5. The sums τ (r,k)± and τ (r,k)
The search for an instructive description of the action of the linear operator
R(z˜
1
2 , z
1
2 ) motivates the consideration of pairs of tensor products.
All subsequent analysis rests upon linear combinations ρ(r;N,M)± of the canon-
ical basis elements w
(ǫ1,q
2σ1 )
l ⊗ w(ǫ2,q
2σ2 )∗
l+r with −M ≤ l ≤ N and the coeffi-
cient of w
(ǫ1,q
2σ1 )
l ⊗ w(ǫ2,q
2σ2 )∗
l+r given by a
±
r ρ
(r)±
l . The function ρ
(r)±
l depends
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on a variable eiθ referred to as spectral value. Both functions a±r and ρ
(r)±
l are
chosen such that the action of ∆(e1) on ρ
(r;N,M)± yields a contribution essen-
tially given by ρ(r+1;N−1,M)± and two contributions from the border elements
w
(ǫ1,q
2σ1 )
N ⊗ w(ǫ2,q
2σ2 )∗
N+r+1 and w
(ǫ1,q
2σ1 )
−M−1 ⊗ w(ǫ2,q
2σ2 )∗
−M+r . An analogous statement applies
to the application of ∆(f1). This particular result specified by the equations (44)
and (45) is a consequence of the two contiguous relations (27) and (46) satisfied
by ρ
(r)±
l . Parameter replacements give rise to an alternative choice (43) for the
coefficients in the linear combination ρ(r;N,M)±.
The function ρ
(r)±
l is introduced in subsection 5.1 in a form suited to the pro-
cedure of evaluation in subsection 5.4. Various transformations of the explicit
expression for ρ
(r)±
l reveal their relation to big q-Jacobi functions and provide a
reformulation employed in subsection 5.4. In addition, subsection 5.1 includes the
analysis of the asymptotic behaviour of ρ
(r)±
l as l→ ±∞. The latter is required in
the discussion of the convergence properties of the sums defined in subsection 5.2
and the homogeneous relations among certain linear combinations thereof. A par-
ticular linear combination ς
(r)
l of ρ
(r)+
l and ρ
(r)−
l is distinguished by a simplification
of the asymptotics for l → −∞.
By Definiton 1 in subsection 5.2, the sums τ (r,k)± are introduced as bilateral
summations of the matrix elements Rk,k+r
∗
l,l+r∗ weighted by the factor a
±
r ρ
(r)±
l . Relying
on the asymptotics of ς
(r)
l as l → −∞, for two discrete sets of particular spectral
values eiθ the sum τ (r,k) is defined as the bilateral summation of Rk,k+r
∗
l,l+r∗ weighted
by arς
(r)
l . Each set entails an appropriate choice of the function ar.
Suitable pairs of parameter sets characterizing two sums τ (r,k)± and τ ′(r,k)± or
τ
(r,k) and τ ′(r,k) are considered. Two types of pairs with a parameter β taking the
values 1 or −1 are distinguished. Simple linear combinations Ξ(r,k)± of the sums
τ
(r,k)± and τ ′(r,k)± obey the homogeneous linear relations (62) and (63) combining
different values of r and k. Analogous relations apply to the combinations Ξ(r,k) of
τ
(r,k) and τ ′(r,k). Moreover, for Ξ(r,k) a contiguous relation wrt the spectral value
needed in subsection 5.4 is given.
Subsection 5.3 relates the combinations Ξ(r,k)± and Ξ(r,k) with β = −1 to the
vector-valued big q-Jacobi transform of the R-elements (15). The relations are
obtained separately for the spectral value chosen on the unit circle T and from
each of the discrete subsets involved in the transform [8]. They allow to specify the
inverse transform required for the proof of Corollary 4 in section 7.
As a main result of this article, the evaluation of the combination Ξ(r,k)± for
the choice of matrix elements Rk,k+r
∗
l,l+r∗ = R
k,k+r∗
l,l+r∗ given by the expressions (15) is
presented in subsection 5.4 (Theorem 1). The corresponding result for the choice
R
k,k+r∗
l,l+r∗ = Rˇ
k,k+r∗
l,l+r∗ specified by (18) is readily obtained by a parameter replacement.
For a particular linear combination rk,k+r
∗
l,l+r∗ of the matrix elements R
k,k+r∗
l,l+r∗ and
Rˇk,k+r
∗
l,l+r∗ , the evaluation of Ξ
(r,k)± for Rk,k+r
∗
l,l+r∗ = r
k,k+r∗
l,l+r∗ by means of Theorem
1 yields a remarkably simple expression given by Corollary 1. Within a partial
range of the spectral value eiθ and the spectral parameter z
1
2 , Corollary 1 allows an
evaluation of Ξ(r,k) for Rk,k+r
∗
l,l+r∗ = r
k,k+r∗
l,l+r∗ . By means of the two contiguous relations
(64) and (186) satisfied by Ξ(r, k), the results given by the equations (93) and (97)
in Corollary 2 and 3 can be extended to the entire range of z
1
2 and eiθ admitted by
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the requirement of absolute convergence. Both relations are derived in Appendix
B.
5.1. The coefficients. The description of the action of the intertwiner R(z˜
1
2 , z
1
2 )
in terms of the sums τ (r,k)± and τ (r,k) involves the function ρ
(r)±
l given by
(26) ρ
(r)±
l ≡ ρ(r)±l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ
)
= ql
Sl
(
q2ǫ1 , q2σ1
)
Sl+r
(
q2ǫ2 , q2σ2
) ·
1(−q2(l+ǫ1±σ1)+1, q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2)
∞
·{(−q2(l+r+ǫ2±σ1+1)e−iθ, q2(r+ǫ2−ǫ1)+1eiθ, q±2σ1+2σ2+1eiθ, q±2σ1−2σ2+1eiθ; q2)
∞(
e2iθ; q2
)
∞
·
3φ2
(
q2(r+ǫ2−ǫ1)+1e−iθ, q±2σ1+2σ2+1e−iθ, q±2σ1−2σ2+1e−iθ
−q2(l+r+ǫ2±σ1+1)e−iθ, q2e−2iθ ; q
2, q2
)
+ idem(θ,−θ)
}
with r, l ∈ Z, if q2ǫi 6= −q2σi+1, i = 1, 2 and l ∈ Z for r ∈ Z≥0, q2ǫi = −q2σi+1.
In the case r ∈ Z<0, q2ǫi = −q2σi+1, the values of l are restricted to l ∈ Z<0 and
l − |r| ∈ Z≥0. Moreover, for ρ(r)−l , the cases l + ǫ1 − σ1 + 12 ∈ Z≤0 are excluded.
Throughout the following, the condition eiθ 6= qt with t ∈ Z is imposed. The
contiguous relation
(27) qsl+r
(
q2ǫ2 , q2σ2
)
ρ
(r)±
l − sl
(
q2ǫ1 , q2σ1
)
ρ
(r)±
l+1
+ q2(l+ǫ1±σ1+1)
(
1− q2(r+ǫ2−ǫ1)+1eiθ)(1− q2(r+ǫ2−ǫ1)+1e−iθ)ρ(r+1)±l = 0
is readily obtained making use of the definition of the 3φ2-series by (1). In the
case |q2(r+ǫ2−ǫ1)+1eiθ| < 1, the three-term transformation [[11]:III.34] with a →
−q2(l+ǫ1±σ1)+1, b→ q∓2σ1+2σ2+1e−iθ, c→ q±2σ1−2σ2+1e−iθ, d→ −q2(l+r+ǫ2±σ1+1)e−iθ,
e→ q±4σ1+2 can be applied to the expression (26) for ρ(r)±l . Then use of [[11]:III.10]
with a → q±2σ1+2σ2+1e−iθ, b → −q2(l+ǫ1±σ1)+1, c → q±2σ1−2σ2+1e−iθ, d →
−q2(l+r+ǫ2±σ1+1)e−iθ, e→ q±4σ1+2 leads to
(28) ρ
(r)±
l = q
l Sl
(
q2ǫ1 , q2σ1
)
Sl+r
(
q2ǫ2 , q2σ2
) ·(−q2(l+r+ǫ2±σ1+1)e−iθ, q2(r+ǫ2−ǫ1)+1eiθ, q±4σ1+2; q2)
∞(−q2(l+ǫ1±σ1)+1, q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2)
∞
·
3φ2
(−q2(l+ǫ1±σ1)+1, q±2σ1+2σ2+1e−iθ, q±2σ1−2σ2+1e−iθ
−q2(l+r+ǫ2±σ1+1)e−iθ, q±4σ1+2 ; q
2, q2(r+ǫ2−ǫ1)+1eiθ
)
= ql
Sl
(
q2ǫ1 , q2σ1
)
Sl+r
(
q2ǫ2 , q2σ2
) 1(
q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2
)
r
·
3φ2
(−q−2(l+ǫ1∓σ1)+1, q2(r+ǫ2−ǫ1)+1eiθ, q2(r+ǫ2−ǫ1)+1e−iθ
q2(r+ǫ2−ǫ1±σ1+σ2+1), q2(r+ǫ2−ǫ1±σ1−σ2+1)
; q2,−q2(l+ǫ1±σ1)+1
)
,
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provided that q2(l+ǫ1±σ1)+1 < 1. Application of the relation [[17]:2.4] with a →
−q−2(l+ǫ1∓σ1)+1, b→ q2(r+ǫ2−ǫ1)−1eiθ, c→ q2(r+ǫ2−ǫ1)−1e−iθ, d→ q2(r+ǫ2−ǫ1±σ1+σ2),
e → q2(r+ǫ2−ǫ1±σ1−σ2) shows that the last expression satisfies the relation (46)
shown below. This ensures its validity for all values of r.
The second 3φ2-series on the rhs of (28) is a big q-Jacobi function. Following
[[8]:3.2], the big q-Jacobi functions ϕγ(x) and ϕ
†
γ(x) with base q
2 are given by
ϕγ(x) ≡ ϕγ(x; a, b, c, d|q2) = 3φ2
(
q2
ax , sγ,
s
γ
cq2
a ,
dq2
a
; q2, bx
)
,
ϕ†γ(x) = ϕγ(x; b, a, c, d|q2),
(29)
where bx < 1 and s =
√
abcdq−2. For the specifications γ → eiθ, s→ q2(r+ǫ2−ǫ1)+1,
ax→ −q2(l+ǫ1+σ1)+1, bx→ −q2(l+ǫ1−σ1)+1, ca → q2(r+ǫ2−ǫ1−σ1+σ2), da → q2(r+ǫ2−ǫ1−σ1−σ2)
subject to q2(l+ǫ1±σ1)+1 < 1, the big q-Jacobi functions can be identified with
(30) q−l
Sl+r
(
q2ǫ2 , q2σ2
)
Sl
(
q2ǫ1 , q2σ1
) (q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2)
r
ρ
(r)±
l ,
where the upper and lower sign refer to ϕ†γ(x) and ϕγ(x), respectively.
A further expression for ρ
(r)±
l proves useful for the analysis following in sub-
section 5.4. If q2(l+r+ǫ2−σ2)+1 < 1, use of [[11]:III.9] with a → q±2σ1+2σ2+1e−iθ,
b→ q±2σ1−2σ2+1e−iθ, c→ −q2(l+ǫ1±σ1)+1, d→ q±4σ1+2, e→ −q2(l+r+ǫ2±σ1+1)e−iθ
to the first 3φ2-series on the rhs of (28) leads to
(31) ρ
(r)±
l = q
l
√(−q2(l+ǫ1∓σ1)+1,−q2(l+r+ǫ2−σ2)+1; q2)
∞(−q2(l+ǫ1±σ1)+1,−q2(l+r+ǫ2+σ2)+1; q2)
∞
·(
q±4σ1+2; q2
)
∞(
q2(ǫ2−ǫ1±σ1−σ2+1); q2
)
∞
(
q2(ǫ2−ǫ1±σ1+σ2+1); q2
)
r
·
3φ2
(−q−2(l+ǫ1∓σ1)+1, q±2σ1+2σ2+1eiθ, q±2σ1+2σ2+1e−iθ
q2(r+ǫ2−ǫ1±σ1+σ2+1), q±4σ1+2
; q2,−q2(l+r+ǫ2−σ2)+1
)
.
Writing out the 3φ2-series according to (1), it is readily seen that the expression
(31) obeys the relation (27). This extends the validity of (31) to all values of r,
provided that q2(l+r+ǫ2−σ2)+1 < 1.
The asymptotic behaviour in the limit l→∞ is easily read from the expression
(26):
(32) lim
l→∞
(
q−lρ
(r)±
l
)
=
(
q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2
)−1
∞
·{(
q2(r+ǫ2−ǫ1)+1eiθ, q±2σ1+2σ2+1eiθ, q±2σ1−2σ2+1eiθ; q2
)
∞(
e2iθ, q2
)
∞
·
3φ2
(
q2(r+ǫ2−ǫ1)+1e−iθ, q±2σ1+2σ2)+1e−iθ, q±2σ1−2σ2+1e−iθ
q2e−2iθ, 0
; q2, q2
)
+ idem(θ,−θ)
}
.
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To evaluate the asymptotic behaviour as l → −∞, the three-term transformation
[[11]:III.34] with a→ q−2(r+ǫ2−ǫ1)+1e−iθ, b→ q±2σ1+2σ2+1e−iθ, c→ q±2σ1−2σ2+1e−iθ,
d → q2e−2iθ, e → −q−2(l+r+ǫ2∓σ1)+2e−iθ is applied to the first 3φ2-series on the
rhs of (26). Adding the same expression with θ replaced by −θ, a cancellation due
to the property eiθθq2(e
2iθ) = −e−iθθq2(e−2iθ) leaves
(33) ρ
(r)±
l =
(
q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2
)−1
∞
·
ql
√
θq2
(−q2(l+ǫ1+σ1)+1,−q2(l+ǫ1−σ1)+1)
θq2
(−q2(l+r+ǫ2+σ2)+1,−q2(l+r+ǫ2−σ2)+1) θq2
(−q2(l+r+ǫ2±σ1+1)e−iθ)
θq2
(−q2(l+ǫ1±σ1)+1) ·√(−q−2(l+ǫ1±σ1)+1; q2)
∞
(−q−2(l+r+ǫ2∓σ1)+2e−iθ; q2)
∞√(−q−2(l+r+ǫ2+σ2)+1,−q−2(l+r+ǫ2−σ2)+1,−q−2(l+ǫ1∓σ1)+1; q2)
∞
·
(
q2(r+ǫ2−ǫ1)+1eiθ, q±2σ1+2σ2+1eiθ, q±2σ1−σ2+1eiθ; q2
)
∞(
e2iθ; q2
)
∞
·
3φ2
(
q−2(r+ǫ2−ǫ1)+1e−iθ, q±2σ1+2σ2+1e−iθ, q±2σ1−2σ2+1e−iθ
−q−2(l+r+ǫ2∓σ1)+2e−iθ, q2e−2iθ ; q
2,−q−2(l+ǫ1±σ1)+1
)
+ idem(θ,−θ).
In view of the property (4), this yields
(34) ρ
(r)±
−l ∼ qr
2+2rǫ2
(
q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2
)−1
∞
·√
θq2
(−q2(ǫ1∓σ1)+1)√
θq2
(−q2(ǫ2+σ2)+1,−q2(ǫ2−σ2)+1,−q2(ǫ1±σ1)+1) ·{
e−ilθ θq2
(−q2(r+ǫ2±σ1+1)e−iθ)·(
q2(r+ǫ2−ǫ1)+1eiθ, q±2σ1+2σ2+1eiθ, q±2σ1−2σ2+1eiθ; q2
)
∞(
e2iθ; q2
)
∞
+ idem(θ,−θ)
}
.
A simpler asymptotic behaviour follows for the linear combination
(35) ς
(r)
l ≡ ς(r)l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; eiθ
)
=
θq2
(−q2(r+ǫ2−σ1+1)e−iθ,−q2(ǫ1+σ1)+1)(q2(σ2−σ1)+1eiθ, q−2(σ1+σ2)+1eiθ; q2)
∞
·(
q2(ǫ2−ǫ1+σ1+σ2+1), q2(ǫ2−ǫ1+σ1−σ2+1); q2
)
∞
ρ
(r)+
l
− θq2
(−q2(r+ǫ2+σ1+1)e−iθ,−q2(ǫ1−σ1)+1)(q2(σ1+σ2)+1eiθ, q2(σ1−σ2)+1eiθ; q2)
∞
·(
q2(ǫ2−ǫ1−σ1+σ2+1), q2(ǫ2−ǫ1−σ1−σ2+1); q2
)
∞
ρ
(r)−
l .
The transformation [[11]:III.9] with a → q−2(r+ǫ2−ǫ1)+1e−iθ, b → q2(σ2−σ1)+1e−iθ,
c → q−2(σ1+σ2)+1e−iθ, d → q2e−2iθ, e → −q−2(l+r+ǫ2+σ1)+2e−iθ relates the 3φ2-
series for upper and lower sign written out on the rhs of (33). Their contributions
to the rhs of (35) cancel. Application of the corresponding transformation for
the remaining two 3φ2-series followed by the use of (5) with the specifications
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x→ −q2(r+ǫ2+1), λ→ q2σ1eiθ, µ→ q2σ2+1, ν → q−2σ1eiθ yields
(36) ς
(r)
l =
− q2l2+2l(r+ǫ1+ǫ2)−2(r+ǫ2+σ1)e−i(l−1)θθq2
(
q4σ1
)
Sl
(
q2ǫ1 , q2σ1
)
Sl+r
(
q2ǫ2 , q2σ2
)·(−q−2(l+r+ǫ2+σ1)+2eiθ,−q−2(l+ǫ1−σ1)+1, q2(r+ǫ2−ǫ1)+1e−iθ, q2e2iθ; q2)
∞
·
3φ2
(
q−2(r+ǫ2−ǫ1)+1eiθ, q2(σ2−σ1)+1eiθ, q−2(σ1+σ2)+1eiθ
−q−2(l+r+ǫ2+σ1)+2eiθ, q2e2iθ ; q
2,−q−2(l+ǫ1−σ1)+1
)
.
With the property (4), this implies the asymptotic behaviour
(37) e−ilθς
(r)
−l ∼ −q−r
2−2r(ǫ2+1)−2(ǫ2+σ1)eiθθq2
(
q4σ1
)·√
θq2
(−q2(ǫ1+σ1)+1,−q2(ǫ1−σ1)+1,−q2(ǫ2+σ2)+1,−q2(ǫ2−σ2)+1)·(
q2e2iθ, q2(r+ǫ2−ǫ1)+1e−iθ; q2
)
∞
+O(q2l)
in the limit l→∞.
For the specifications
γ → eiθ, s→ q2(r+ǫ2−ǫ1)+1, az+ → −q2(ǫ1+σ1)+1, bz+ → −q2(ǫ1−σ1)+1,
c
a → q2(r+ǫ2−ǫ1−σ1+σ2), da → q2(r+ǫ2−ǫ1−σ1−σ2),
(38)
and x → z+q2l restricted by q2(l+ǫ1−σ1)−1 > 1, the functions Φ+γ (x) considered in
Section 3.5 in [8] can be expressed in terms of ς
(r)
l by
(39) Φeiθ (z+q
2l) = −q2(r+ǫ2+σ1)e−iθ · q−l Sl+r
(
q2ǫ2 , q2σ2
)
Sl
(
q2ǫ1 , q2σ1
) ·
ς
(r)
l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; eiθ
)
θq2
(−q2(r+ǫ2+σ2)+1,−q2(r+ǫ2−σ2)+1, q4σ1)(q2(r+ǫ2−ǫ1)+1e−iθ, q2e2iθ; q2)
∞
.
This follows from Proposition 3.10 in [8] and the definition of ς
(r)
l given by (37).
The expression (33) for ρ
(r)±
l corresponds to the formula for the big q-Jacobi
functions with bx > q2 provided by Proposition 3.4 in [8].
The description of the pairs of tensor products presented below involves the finite
linear combinations of basis elements w
(ǫ1,q
2σ1)
l ⊗ w(ǫ2,q
2σ2 )∗
l+r introduced by
(40) ρ(r;N,M)± ≡ ρ(r;N,M)±(q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ) =
a
±
r
N∑
l=−M
̺
(r)±
l w
(ǫ1,q
2σ1 )
l ⊗ w(ǫ2,q
2σ2 )∗
l+r ,
where −M ≤ N ∈ Z and
r = s− n with s ∈ Z, n ∈ Z≥0 if eiθ = q−2(s+ǫ2−ǫ1)−1,
r = s′ + n with s′ ∈ Z if eiθ = q2(s′+ǫ2−ǫ1)−1,
r ∈ Z otherwise.
(41)
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The functions ̺
(r)±
l and the prefactors a
±
r are specified by
̺
(r)±
l = ρ
(r)±
l = ρ
(r)±
l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ
)
,
a
±
r = a
±
r ≡ a±r
(
q2ǫ1 , q2ǫ2 ; q2σ1 ; cos θ
)
=
(−1)rq±2rσ1+r−s√
(q2(r−s),q4(ǫ2−ǫ1)+2(r+s+1);q2)s−r
if eiθ = q−2(s+ǫ2−ǫ1)−1,
(−1)rq±2rσ1+r−s′
√
(q2, q4(ǫ2−ǫ1+s′); q2)r−s′
if eiθ = q2(s
′+ǫ2−ǫ1)−1,
(−q)rq±2rσ1
√(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ; q2
)
r
otherwise,
(42)
or by
̺
(r)±
l = ρ˚
(r)±
l = ρ
(−r)±
l+r
(
q2ǫ2 , q2σ2 ; q2ǫ1 , q2σ1 ; cos θ
)
,
a
±
r = a˚
±
r ≡ a˚±r
(
q2ǫ2 , q2ǫ1 ; q2σ2 ; cos θ
)
= (−1)ra±−r
(
q2ǫ2 , q2ǫ1 ; q2σ2 ; cos θ
)
.
(43)
For both choices, the sums ρ(r;N,M)± are characterized by the property
(44) (1− q2)∆(e1)ρ(r;N,M)± =
q2
√(
1− q2(r+ǫ2−ǫ1)+1eiθ)(1− q2(r+ǫ2−ǫ1)+1e−iθ)ρ(r+1;N−1,M)±
+ a±r q
−2(N+ǫ1)+2sN+r
(
q2ǫ2 , q2σ2
)
̺
(r)±
N w
(ǫ1,q
2σ1 )
N ⊗ w(ǫ2,q
2σ2 )∗
N+r+1
− a±r q2(M−ǫ1)+3s−M−1
(
q2ǫ1 , q2σ1
)
̺
(r)±
−M w
(ǫ1,q
2σ1 )
−M−1 ⊗ w(ǫ2,q
2σ2 )∗
−M+r
and
(45) (1− q2)∆(f1)ρ(r;N,M)± =
− q−2(r+ǫ2−ǫ1)+1
√(
1− q2(r+ǫ2−ǫ1)−1eiθ)(1− q2(r+ǫ2−ǫ1)−1e−iθ)ρ(r−1;N+1,M)±
+ a±r q
−2(N+r+ǫ2)−1sN+r
(
q2ǫ2 , q2σ2
)
̺
(r)±
N+1w
(ǫ1,q
2σ1)
N+1 ⊗ w(ǫ2,q
2σ2 )∗
N+r
− a±r q2(M−r−ǫ2+1)s−M−1
(
q2ǫ1 , q2σ1
)
̺
(r)±
−M−1w
(ǫ1,q
2σ1 )
−M ⊗ w(ǫ2,q
2σ2 )∗
−M−1+r
with r chosen according to (41). Equation (44) follows from the relation (27). The
derivation of (45) entails the contiguous relation
(46) sl+r−1
(
q2ǫ2 , q2σ2
)
ρ
(r)±
l − qsl−1
(
q2ǫ1 , q2σ1
)
ρ
(r)±
l−1 + q
2(l+ǫ1∓σ1)−1ρ
(r−1)±
l = 0
for ρ
(r)±
l given by (26). If |q−2(l+ǫ1∓σ1)+1| < 1, the relation (46) is easily obtained
referring to the expression (33) for ρ
(r)±
l and making use of the explicit writing for
the 3φ2-series on the rhs of (33) according to (1). Relation (46) with the replacement
l → l + 1 follows from the equations (27) and (46). Application of (27) and (27)
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with r → r − 1 yields
(47)
sl
(
q2ǫ1 , q2σ1
){
q−1sl+r
(
q2ǫ2 , q2σ2
)
ρ
(r)±
l+1 −sl
(
q2ǫ1 , q2σ1
)
ρ
(r)±
l + q
2(l+ǫ1∓σ1)ρ
(r−1)±
l+1
}
= q2(l+ǫ1±σ1)+1sl+r
(
q2ǫ2 , q2σ2
)(
1− q2(r+ǫ2−ǫ1)+1eiθ)(1− q2(r+ǫ2−ǫ1)+1e−iθ)ρ(r+1)±l
+ q2(l+ǫ1∓σ1)+1sl+r−1
(
q2ǫ2 , q2σ2
)
ρ
(r−1)±
l +
{
sl+r
(
q2ǫ2 , q2σ2
)2 − sl(q2ǫ1 , q2σ1)2+
q4(l+ǫ1)+2
(
1− q2(r+ǫ2−ǫ1)−1eiθ)(1− q2(r+ǫ2−ǫ1)−1e−iθ)}ρ(r)±l .
Use of (46) with r → r + 1 followed by equation (27) with l → l − 1 allows to
express the first contribution to the rhs of (47) by
q2(l+ǫ1±σ1)+1
(
1− q2(r+ǫ2−ǫ1)+1eiθ)(1− q2(r+ǫ2−ǫ1)+1e−iθ)·{
qsl−1
(
q2ǫ1 , q2σ1
)
ρ
(r+1)±
l−1 − q2(l+ǫ1∓σ1)−1ρ(r)±l
}
=
− q3sl−1
(
q2ǫ1 , q2σ1
)
sl+r−1
(
q2ǫ2 , q2σ2
)
ρ
(r)±
l−1
+
{
q2sl−1
(
q2ǫ1 , q2σ1
)2−q4(l+ǫ1)(1−q2(r+ǫ2−ǫ1)+1eiθ)(1−q2(r+ǫ2−ǫ1)+1e−iθ)}ρ(r)±l .
Finally, eliminating ρ
(r)±
l−1 by means of (46), the rhs of (47) is found to vanish. This
confirms equation (46) for all values of l.
The relations (27) and (46) can be combined to obtain
(48)
q−2sl(q
2ǫ1 , q2σ1
)
sl+r
(
q2ǫ2 , q2σ2
)
ρ
(r)±
l+1 + q
2sl−1
(
q2ǫ1 , q2σ1
)
sl+r−1
(
q2ǫ2 , q2σ2
)
ρ
(r)±
l−1
−
{
q−1sl
(
q2ǫ1 , q2σ1
)2
+ qsl+r−1
(
q2ǫ2 , q2σ2
)2 − q4(l+ǫ1)+1(1− q2(r+ǫ2−ǫ1)−1eiθ)·(
1− q2(r+ǫ2−ǫ1)−1e−iθ)}ρ(r)±l = 0.
The function ρ˚
(r)+
l specifying the second option for the linear combinations
ρ(r;N,M)+ is related to ρ
(r)±
l by
(49)
(
q2(σ2−σ1)+1eiθ, q2(σ2−σ1)+1e−iθ, q2(ǫ2−ǫ1+σ1+σ2+1); q2
)
∞
·
qr+2rσ1ρ
(r)+
l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ
)
−
(
q2(σ1+σ2)+1eiθ, q2(σ1+σ2)+1e−iθ, q−2(ǫ2−ǫ1+σ1−σ2), q2(ǫ2−ǫ1−σ1+σ2+1); q2
)
∞(
q−2(ǫ2−ǫ1−σ1−σ2); q2
)
∞
·
qr−2rσ1ρ
(r)−
l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ
)
=
(
q2(r+ǫ2−ǫ1)+1eiθ, q2(r+ǫ2−ǫ1)+1e−iθ, q−2(ǫ2−ǫ1+σ1−σ2)+2; q2
)
∞
θq2
(
q4σ1+2
)(
q2(ǫ2−ǫ1+σ1−σ2+1), q2(ǫ2−ǫ1−σ1−σ2); q2
)
∞
·
(−1)rqr(r−1)+2r(ǫ2−ǫ1−σ2)ρ(−r)+l+r
(
q2ǫ2 , q2σ2 ; q2ǫ1 , q2σ1 ; cos θ
)
.
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Taking into account the r-dependence of a±r specified by (42), a reformulation of
relation (49) particularly suited for later use reads
(50)
(
q2(σ2−σ1)+1eiθ, q2(σ2−σ1)+1e−iθ, q2(ǫ2−ǫ1+σ1+σ2+1); q2
)
∞
·
a+r
(
q2ǫ1 , q2ǫ2 ; q2σ1 ; cos θ
)
ρ
(r)+
l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ
)
−
(
q2(σ1+σ2)+1eiθ, q2(σ1+σ2)+1e−iθ, q−2(ǫ2−ǫ1+σ1−σ2), q2(ǫ2−ǫ1−σ1+σ2+1); q2
)
∞(
q−2(ǫ2−ǫ1−σ1−σ2); q2
)
∞
·
a−r
(
q2ǫ1 , q2ǫ2 ; q2σ1 ; cos θ
)
ρ
(r)−
l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ
)
=
θq2
(
q4σ1+2
)(
q−2(ǫ2−ǫ1+σ1−σ2)+2; q2
)
∞(
q2(ǫ2−ǫ1+σ1−σ2+1), q2(ǫ2−ǫ1−σ1−σ2); q2
)
∞
u
(
q2ǫ2 , q2ǫ1 ; eiθ
)·
(−1)ra+−r
(
q2ǫ2 , q2ǫ1 ; q2σ2 ; cos θ
)
ρ
(−r)+
l+r
(
q2ǫ2 , q2σ2 ; q2ǫ1 , q2σ1 ; cos θ
)
,
where
u
(
q2ǫ2 , q2ǫ1 ; eiθ
)
=

0 for eiθ = q−2(s+ǫ2−ǫ1)−1,
qs
′2+2s′(ǫ2−ǫ1−1)
(
q2, q4(ǫ2−ǫ1+s
′); q2
)
∞
for eiθ = q2(s
′+ǫ2−ǫ1)−1,(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ; q2
)
∞
otherwise.
In the case max
(|q2(r+ǫ2−ǫ1)+1eiθ|, |q2(l+ǫ1∓σ1)+1|) < 1, equation (49) is obtained
relating the two sign options of the first 3φ2-series on the rhs of (28) by the three-
term transformation [[11]:III.33] with a → q±2σ1−2σ2+1e−iθ, b → −q2(l+ǫ1±σ1)+1,
c → q±2σ1+2σ2+1e−iθ, d → q±4σ1+2, e → −q2(l+r+ǫ2±σ1+1)e−iθ and making use
of (31) with the replacements r → −r, l → l + r, ǫ1 ↔ ǫ2, q2σ1 ↔ q2σ2 . The
relation (49) with l → l − 1 follows from equation (49) and the same equation
with l → l + 1 due to the contiguous relation (48) and (48) with the replacements
r → −r, l → l + r, ǫ1 ↔ ǫ2, q2σ1 ↔ q2σ2 . Thus (49) is valid for all l provided that
|q2(r+ǫ2−ǫ1)+1eiθ| < 1. Relation (49) with the replacement r → r − 1 is obtained
from (49) and the same relation with l → l− 1 by means of the contiguous relation
(46) and by (27) with r → −r, l → l + r − 1, ǫ1 ↔ ǫ2, q2σ1 ↔ q2σ2 . This shows
equation (49) for all values of r and l.
The corresponding relation for ς
(r)
l reads
(51) ς
(−r)
l+r
(
q2ǫ2 , q2σ2 ; q2ǫ1 , q2σ1 ; cos θ
)
= (−1)rq−r2+4r(ǫ1+1)+2(ǫ2−ǫ1−σ1+σ2)e−2irθ·(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ; q2
)
r
θq2
(
q4σ2+2
)
θq2
(
q4σ1+2
) (q−2(ǫ2−ǫ1)+1e−iθ; q2)∞(
q2(ǫ2−ǫ1)+1e−iθ; q2
)
∞
·
ς
(r)
l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ
)
.
If eiθ 6= q−2(s+ǫ2−ǫ1)−1, the equation is shown writing out the lhs by means of (35)
with r → −r, l → l+ r, ǫ1 ↔ ǫ2, q2σ1 ↔ q2σ2 and making use of the expansion (49)
to obtain an expression in terms of ρ
(r)±
l (q
2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ). Simplifying
the prefactors by means of (5) with x → iqǫ1±σ1−2σ2+ 12 , λ → −iq−ǫ1±σ1+ 12 eiθ,
µ → iq2ǫ2−ǫ1∓σ1+ 12 , ν → −iq−ǫ1∓σ1−2σ2− 12 and recalling equation (35) for ς(r)l
yields the relation (51). If eiθ 6= q2(s˜+ǫ2−ǫ1)−1. the rhs of (51) can be decomposed
according to equation (35). Use of the expansion (49) with r → −r, l → l + r,
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ǫ1 ↔ ǫ2, q2σ1 → q2σ2 , q2σ2 → q±2σ1 followed by the relation (5) and (35) with
r→ −r, l→ l + r, ǫ1 ↔ ǫ2, q2σ1 ↔ q2σ2 leads to the lhs of (51).
5.2. The definition of the sums. Throughout the remainder, the case q2ǫ1 =
−q2σi+1 = −q2ui+1 with ui ∈ R is excluded. The following definition entails the
function
wr ≡ wr
(
x; q2ǫ1 , q2ǫ2 ; eiθ
)
with the properties
wr = x
−rq−r(r+2ǫ2+1)eirθ w0,
wr
(
x; q2ǫ1 , q2ǫ2 ; q2eiθ
)
= xq2(r+ǫ2)e−iθwr
(
x; q2ǫ1 , q2ǫ2 ; eiθ
)(52)
and
(53) xr−sq2(r−s)ǫ1wr
(
x; q2ǫ1 , q2ǫ2 ; eiθ
)
= x′r−sq2(r−s)ǫ
′
1wr
(
x′; q2ǫ
′
1 , q2ǫ
′
2 ; eiθ
)
for eiθ = αα′q2(s+ǫ
′
1+ǫ2)+1, x′ = αα′x and ǫ′2− ǫ′1 = ǫ2− ǫ1. Examples are provided
by wr(x; q
2ǫ1 , q2ǫ2 ; eiθ) = θq2(−xq2(r+ǫ2+1)e−iθ,−xq2ǫ1+1) with x = α or with x =
1.
Definition 1. The infinite sums τ (r,k)± are introduced by
(54) τ (r,k)± ≡ τ (r,k)±(z, α; q2ǫ1, q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; cos θ)
= a±r
(
q2ǫ1 , q2ǫ2 ;αq2σ3 ; cos θ
) ∞∑
l=−∞
ρ
(r)±
l
(
q2ǫ1 , αq2σ3 ; q2ǫ2 , αq2σ4 ; cos θ
)
R
k,k+r∗
l,l+r∗ .
The infinite sums τ (r,k) are defined by
(55) τ (r,k) ≡ τ (r,k)(z, x, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ)
= ar
∞∑
l=−∞
ς
(r)
l
(
q2ǫ1 , αq2σ3 ; q2ǫ2 , αq2σ4 ; eiθ
)
R
k,k+r∗
l,l+r∗ ,
where
(56) ar ≡ ar
(
x; q2ǫ1 , q2ǫ2 ; eiθ
)
=
(−q)rx−r
√(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ; q2
)
r
wr
(
x; q2ǫ1 , q2ǫ2 ; eiθ
)
with eiθ = αα′q2(s+ǫ
′
1+ǫ2)+1 or
x = 1,
ar ≡ ar
(
α; q2ǫ1 , q2ǫ2 ; q2σ1 ; eiθ
)
=
(−1)rαs′−1qr−s′+(r−s′+1)(r−s′+2ǫ1+1)
√
(q2, q4(ǫ2−ǫ1+s′); q2
)
r−s′
θq2
(−q2(ǫ1+σ1)+1,−q2(ǫ1−σ1)+1)
(57)
with eiθ = q2(s
′+ǫ2−ǫ1)−1. For the choice (15) for the coefficients Rk,k+r
∗
l,l+r∗ , the sums
(54) and (55) will be denoted by
τ (r,k)± ≡ τ (r,k)±(z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; cos θ)
and
τ (r,k) ≡ τ (r,k)(z, x, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ),
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respectively.
The sums τ (r,k)± are absolutely convergent for general θ provided that |zqe±iθ| <
1. This condition can be replaced by |zqeiθ| < 1 if eiθ is chosen within the discrete
set Γ± given by
Γ± = Γq2(r+ǫ2−ǫ1)+1 ∪ Γq±2σ1+2σ2+1 ∪ Γq±2σ1−2σ2+1 ,
Γa =
{
a−1q−2t|t ∈ Z≥0
}
.
(58)
Here the upper sign and lower sign refer to τ (r,k)+ and τ (r,k)−, respectively. Besides,
absolute convergence is ensured by the condition |zq2(t+r+ǫ2+σ1)+1| < 1 for the
choice eiθ = −q2(t+r+ǫ2+σ1) 6= q−t′ , where t ∈ Z, t′ ∈ Z≥0. These statements are
readily inferred from the asymptotic behaviour of ρ
(r)±
l and R
k,k+r∗
l,l+r∗ as l → ±∞
given by the equations (32), (34), (22) and (24). In the following, the choice
eiθ = −q2(t+r+ǫ2+σ1) won’t be considered.
The sums τ (r,k) are absolutely convergent if |zqeiθ| < 1 due to (32), (37), (22)
and (24).
Given two sets of parameters
(α, x; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4),
(α′, xαα′; q2ǫ
′
1 , q2ǫ
′
2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4),
with ǫ2− ǫ1 = ǫ′2− ǫ′1 = ǫ3− ǫ4, the sums attributed to the second set by Definition
1 will be abbreviated by
τ
′(r,k)± = τ (r,k)±
(
z, α′; q2ǫ
′
1 , q2ǫ
′
2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; cos θ
)
,
τ
′(r,k) = τ (r,k)
(
z, x′, α′; q2ǫ
′
1 , q2ǫ
′
2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ
)
,
with x′ = xαα′ for eiθ = αα′q2(s+ǫ
′
1+ǫ2)+1 and x′ = 1 for eiθ = q2(s
′+ǫ2−ǫ1)−1. The
present section addresses the evaluation of the linear combinations
(59) Ξ(r,k) =
Ξ(r,k)+Ξ(r,k)−
Ξ(r,k)

given by
Ξ(r,k)± ≡ τ (r,k)± − αα′q2(ǫ′1−ǫ1)τ ′(r,k)±,
Ξ(r,k) ≡ τ (r,k) − αα′q2(ǫ′1−ǫ1)τ ′(r,k) for eiθ ∈ Γ˜ ∪ Γq−2(r+ǫ2−ǫ1)+1 ,
(60)
where
(61) Γ˜ =
{
αα′q2(s+ǫ2+ǫ
′
1)+1
∣∣s ∈ Z, |zq2(s+ǫ2+ǫ′1+1)| < 1}.
For different values of r and k, the combinations Ξ(r,k) are related by
(62)
√(
1− q2(r+ǫ2−ǫ1)+1eiθ)(1− q2(r+ǫ2−ǫ1)+1e−iθ)Ξ(r+1,k) =
− s−k−1
(
q−2ǫ4 , q2σ4
)
Ξ(r,k+1) + q2(r+ǫ2−ǫ1)+1s−k−r−1
(
q−2ǫ3 , q2σ3
)
Ξ(r,k)
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and
(63)
√(
1− q2(r+ǫ2−ǫ1)−1eiθ)(1− q2(r+ǫ2−ǫ1)−1e−iθ)Ξ(r−1,k) =
− s−k
(
q−2ǫ4 , q2σ4
)
Ξ(r,k−1) + q2(r+ǫ2−ǫ1)−1s−k−r
(
q−2ǫ3 , q2σ3
)
Ξ(r,k).
These relations are derived employing the procedure in the proof of Proposition 3
in [12]. The application of the operator R(z˜
1
2 , z
1
2 ) on both sides of (44) and (45)
is followed by the use of the intertwining property (13) for X = e1 and X = f1,
respectively. For the choice Rk,k+r
∗
l,l+r∗ = R
k,k+r∗
l,l+r∗ , an evaluation of the limits N,M →
∞ by means of the asymptotic behaviour of the R-elements and ρ(r)±l specified by
(22), (24) and (32), (34) provides expressions relating τ (r,k)±, τ (r+1,k)±, τ (r,k+1)±
for X = e1 and τ
(r,k)±, τ (r−1,k)±, τ (r,k−1)± for X = f1. Cancellation of the
contributions due to the third line of (44) or (45) within the particular combination
Ξ(r,k)± = τ (r,k)±−αα′q2(ǫ′1−ǫ1)τ ′(r,k)± directly leads to the relations (62) and (63).
For the choices (18), (19) and (20), the statements follow by means of suitable
permutations of the parameters and the replacements σ2 → −σ2 or σ1 → −σ1.
The analogous consideration for Ξ(r,k) involves the asymptotic behaviour (37).
Moreover, the linear combinations Ξ(r,k) ≡ Ξ(r,k)(eiθ) satisfy the contiguous
relations
(64) αzλ±e
±3iθ
(
1− z−1qe±iθ)(1− q2(r+ǫ2−ǫ1)+1e±iθ) ar(eiθ)
ar(q±2eiθ)
Ξ(r,k)
(
q±2eiθ
)
= zq−2(k+ǫ4)−1e±iθsk
(
q2ǫ4 , q2σ4
)
sk+r
(
q2ǫ3 , q2σ3
)
Ξ(r,k+1)(eiθ)
+ q−2(k+ǫ4)+2sk−1
(
q2ǫ4 , q2σ4
)
sk+r−1
(
q2ǫ3 , q2σ3
)
Ξ(r,k−1)(eiθ)
−
{
q−2(k+ǫ4)+1 + zq−2(k+ǫ4)e±iθ + q2(k+r+ǫ3)e±iθ + zq2(k+r+ǫ3)+1
− q
2e±2iθ
(
1− q2(r+ǫ2−ǫ1)−1e∓iθ)
1− q2e±2iθ
[
q2σ4 + q−2σ4 + z
(
q2σ3 + q−2σ3
)]
+
qe±iθ
(
1− q2(r+ǫ2−ǫ1)+1e±iθ)
1− q2e±2iθ
[
q2σ3 + q−2σ3 + z
(
q2σ4 + q−2σ4
)]}
Ξ(r,k)(eiθ),
where |zq±1eiθ| < 1,
λ− = q
2(r+ǫ2+2),
λ+ = q
−2(r+ǫ2)e−2iθ·(
1− q2(σ1+σ2)+1eiθ)(1− q2(σ1−σ2)+1eiθ)(1− q2(σ2−σ1)+1eiθ)(1− q−2(σ1+σ2)+1eiθ)
and ar(e
iθ) = ar is given by (56) or (57). The relations (64) are derived in Appendix
B.
Viewing (πW1 ⊗ πW∗2 ) ⊕ (πW ′1 ⊗ πW ′2∗) specified by the sets (59) as sums of
Uq
(
sl(2)
)
-representations, the cases α = −α′ correspond to
(65)
(
πC ⊗ πC)⊕ (πS ⊗ πS) and (πC ⊗ πS)⊕ (πS ⊗ πC),
provided that q2 < q4σi < 1 and the parameters q2ǫi , q2ǫ
′
i are restricted appropri-
ately.
The first case in (65) is found among the ”indivisible” sums considered in [5]. Its
decomposition into irreducible representations entails Clebsch-Gordon coefficients
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essentially given by the big q-Jacobi functions (29) and by the functions Φ+γ (x) [5].
The combinations Ξ(r,k) describe the action of the intertwiner R(z˜
1
2 , z
1
2 ) onto the
irreducible components. For α = α′, the corresponding Uq
(
sl(2)
)
-representations
are (πC ⊗ πC) ⊕ (πC ⊗ πC), (πS ⊗ πS) ⊕ (πS ⊗ πS), (πC ⊗ πS) ⊕ (πC ⊗ πS) and
(πS ⊗ πC)⊕ (πS ⊗ πC).
5.3. Relation to the vector-valued big q-Jacobi function transform. If β =
αα′ = −1 and max(q4σ1 , q4σ2) < 1, the linear combination Ξ(r,k) can be viewed as
a vector-valued big q-Jacobi transform. Following [8], for z+ > 0 and z− < 0 and
parameters a, b, c, d, s =
√
abcdq−2, the transform involves the discrete set
Γ = Γfins ∪ Γfins−1q2 ∪ Γfindq2/as ∪ Γinf,
Γfine =
{
e−1q−2t
∣∣t ∈ Z≥0, eq2t > 1},
Γinf =
{
z+z−sq
2t
∣∣t ∈ Z, −z+z−sq2t < 1}.
(66)
The vector-valued big q-Jacobi function transform F is introduced by
(67)
(Ff)(γ) = (1− q2){z+ ∞∑
l=−∞
f(z+q
2l)Ψ(z+q
2l, γ)w(z+q
2l)q2l
− z−
∞∑
l=−∞
f(z−q
2l)Ψ(z−q
2l, γ)w(z−q
2l)q2l
}
,
where
Ψ(x, γ) =

(
ϕγ(x)
ϕ†γ(x)
)
, γ ∈ T = {y ∈ C∣∣ |y| = 1}
Φ+γ (x), γ ∈ Γ,
for x ∈ R−q ∪ R+q with R±q = {z±q2n|n ∈ Z}, and
w(x) =
(ax, bx; q2)∞
(cx, dx; q2)∞
.
The specifications (38) are supplemented by
(68) az− → q2(ǫ
′
1+σ1)+1, bz− → q2(ǫ
′
1−σ1)+1.
With the specifications (38), the components Φeiθ (z+q
2l) and ϕeiθ (z+q
2l), ϕ†
eiθ
(z+q
2l)
are given by the rhs of (39) and by the expression (30) with lower and upper
sign, respectively. According to (68), with the replacements ǫ1 → ǫ′1, ǫ2 → ǫ′2,
q2σ1 → −q2σ1 , q2σ2 → −q2σ2 , the rhs of (39) and (30) provide the expressions
for Φeiθ (z−q
2l) and ϕeiθ (z−q
2l) and ϕ†
eiθ
(z−q
2l) for lower and upper sign, respec-
tively. The specifications (38) and (68) imply z+ = −αq2ǫ1 , z− = −α′q2ǫ′1 , dq
2
as =
q−2(σ1+σ2)+1 and z+z−s = −q2(r+ǫ2+ǫ′1)+1. In particular, due to the restriction
max(q4σ1 , q4σ2) < 1, the specifications for α = −α′ = −1 ensure (a, b, c, d) ∈ P
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with P defined in Section 2.1 in [8]. Setting
f(z+q
2l) = q−l
Sl+r
(
q2ǫ2 , αq2σ4
)
Sl
(
q2ǫ1 , αq2σ3
) Rk,k+r∗l,l+r∗ (z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4),
f(z−q
2l) = q−l
Sl+r
(
q2ǫ
′
2 ,−αq2σ4)
Sl
(
q2ǫ
′
1 ,−αq2σ3) Rk,k+r∗l,l+r∗ (z,−α; q2ǫ′1 , q2ǫ′2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4)
(69)
and α = −α′, Definition 1 and the equation (67) imply
(70)(Ff)(eiθ) = −αq2ǫ1(1−q2)(b−r 0
0 b+r
) (
τ (r,k)− + q2(ǫ
′
1−ǫ1)τ ′(r,k)−
τ (r,k)+ + q2(ǫ
′
1−ǫ1)τ ′(r,k)+
)
for eiθ ∈ T
with
b±r = (a
±
r )
−1
(
q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2
)
r
and
(71)
(Ff)(eiθ) = (τ (r,k) + q2(ǫ′1−ǫ1)τ ′(r,k))·
q2(r+ǫ1+ǫ2+σ3)(1− q2)e−iθ
arθq2
(−q2(r+ǫ2+σ2)+1,−q2(r+ǫ2−σ2)+1, q4σ3)(q2e2iθ, q2(r+ǫ2−ǫ1)+1e−iθ; q2)
∞
for eiθ ∈ Γ˜ ∩ Γinfand eiθ ∈ Γq−2(r+ǫ2−ǫ1)+1 ∩ Γfinq−2(r+ǫ2−ǫ1)+1 .
The remainder of this subsection specializes to α = −1. If eiθ = q2(σ1+σ2)−2t−1
with t ∈ Z≥0, the first contribution on the rhs of (35) vanishes. Then the equations
(39) and (35) lead to
Φ+γ (z+q
2l)
∣∣∣
γ=q2(σ1+σ2)−2t−1
= q−l
Sl+r
(
q2ǫ2 , q2σ2
)
Sl
(
q2ǫ1 , q2σ1
) ·
(−1)tq−2t2−2t(r+ǫ2−σ2)+4tσ1
(
q−2t+4(σ1+σ2); q2
)
∞(
q2(t+1−2σ1); q2
)
∞
·
θq2
(−q2(ǫ1−σ1)+1)(q2(ǫ2−ǫ1−σ1+σ2+1), q2(ǫ2−ǫ1−σ1−σ2+1); q2)
∞
θq2
(−q2(r+ǫ2+σ2)+1) ρ(r)−l .
For the specifications (69), this yields
(Ff)(q2(σ1+σ2)−2t−1) = (−1)tq−2t2−2t(r+ǫ2−σ2)+4tσ1+2ǫ1 (q−2t+4(σ1+σ2); q2)∞(
q2(t+1−2σ1); q2
)
∞
·
(1− q2)θq2
(−q2(ǫ1−σ1)+1)(q2(ǫ2−ǫ1−σ1+σ2+1), q2(ǫ2−ǫ1−σ1−σ2+1); q2)
∞
a−r θq2
(−q2(r+ǫ2+σ2)+1) ·(
τ (r,k)− + q2(ǫ
′
1−ǫ1)τ ′(r,k)−
)∣∣∣
eiθ=q2(σ1+σ2)−2t−1
.
According to the discussion following Definition 1, the condition |zq2(σ1+σ2−t)| < 1
is sufficient to ensure absolute convergence of the sums on the rhs since eiθ ∈ Γ−.
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For eiθ = q−2(s+ǫ2−ǫ1)−1 with s− r ∈ Z≥0, equation (26) reduces to
ρ
(r)±
l
∣∣∣
eiθ=q−2(s+ǫ2−ǫ1)−1
= ql
Sl
(
q2ǫ1 , q2σ1
)
Sl+r
(
q2ǫ2 , q2σ2
) ·(
q4(ǫ2−ǫ1)+2(s+r+1),−q2(l+r−s+ǫ1±σ1)+1; q2)
s−r(
q2(ǫ2−ǫ1±σ1+σ2+1), q2(ǫ2−ǫ1±σ1−σ2+1); q2
)
s
·
3φ2
(
q2(r−s), q±2σ1+2σ2−2(s+ǫ2−ǫ1), q±2σ1−2σ2−2(s+ǫ2−ǫ1)
−q2(l+r−s+ǫ1±σ1)+1, q−4(s+ǫ2−ǫ1) ; q
2, q2
)
.
Supplemented by [[11]:III.11] with b→ q−2(σ1−σ2+s+ǫ2−ǫ1), c→ q−2(σ2+σ2+s+ǫ2−ǫ1),
d→ q−4(s+ǫ2−ǫ1), e→ −q2(l+r−s+ǫ1−σ1)+1, this yields the relation
(72)
ρ
(r)−
l
∣∣∣
eiθ=q−2(s+ǫ2−ǫ1)−1
= q4(r−s)σ1
(
q2(ǫ2−ǫ1+σ1+σ2+1), q2(ǫ2−ǫ1+σ1−σ2+1); q2
)
s(
q2(ǫ2−ǫ1−σ1+σ2+1), q2(ǫ2−ǫ1−σ1−σ2+1); q2
)
s
·
ρ
(r)+
l
∣∣∣
eiθ=q−2(s+ǫ2−ǫ1)−1
.
Use of relation (72) in (35) and (39) and application of (5) with x → q2σ2+1,
λ→ q2(r+ǫ2−ǫ1−σ1)+1, µ→ −q2(r+ǫ2)+3, ν → q2(r+ǫ2−ǫ1+σ1)+1 leads to
Φ+γ (z+q
2l)
∣∣∣
γ=q−2(s+ǫ2−ǫ1)−1
= q−(s−r)
2+2(s−r)(ǫ1+σ1)−4(s−r)(r+ǫ2)·
q−l
Sl+r
(
q2ǫ2 , q2σ2
)
Sl
(
q2ǫ1 , q2σ1
) (q2(ǫ2−ǫ1+σ1+σ2+1), q2(ǫ2−ǫ1+σ1−σ2+1); q2)s(
q4(ǫ2−ǫ1)+2(s+r+1); q2
)
s−r
·
ρ
(r)+
l
∣∣∣
eiθ=q−2(s+ǫ2−ǫ1)−1
.
Thus with the specifications (69), this implies(Ff)(q−2(s+ǫ2−ǫ1)−1) = q−(s−r)2+2(s−r)(ǫ1+σ1)−4(s−r)(r+ǫ2)+2ǫ1 ·
(1 − q2)(q2(ǫ2−ǫ1+σ1+σ2+1), q2(ǫ2−ǫ1+σ1−σ2+1); q2)
s
a+r
(
q4(r+ǫ2−ǫ1)+2(s+r+1); q2
)
s−r
·
(
τ (r,k)+ + q2(ǫ
′
1−ǫ1)τ ′(r,k)+
)∣∣∣
eiθ=q−2(s+ǫ2−ǫ1)−1
.
As Uq
(
sl(2)
)
-modules, W (ǫ,q
2σ) and W (ǫ,q
2σ)∗ with q2σ < 0 can be identified with a
complementary series representation provided that q2 < q4σ < 1 and ǫ is restricted
according to the value of q4σ. If q2 < q4σi < 1 for i = 1, 2, the set Γfin
dq2
as
=
Γfin
q−2(σ1+σ2)+1
is empty in the case q2 < q4(σ1+σ2) < 1 and contains only one element
in the case q4 < q4(σ1+σ2) < q2.
The inner product 〈 , 〉H introduced in Section 4 of [5] or Section 5 of [8] involves
a matrix valued function v on T and a positive weight function N(γ) on the discrete
set Γ. Denoting the vector space of functions that are C2-valued on T and C-valued
in Γ by F (T ∪ Γ), the Hilbert space H consists of all functions g(γ) in F (T ∪ Γ)
with the property g(γ) = g(γ−1) almost everywhere on T which have finite norm
with respect to the inner product 〈 , 〉H. The set {Ψ(x, ·)|x ∈ R−q ∪ R+q } forms an
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orthogonal basis for H with the orthogonality relations
(73) 〈Ψ(x′, ·),Ψ(x, ·)〉H = δx,x′x−1w−1(x).
The integral transform G defined by
(74)
(Gg)(x) = 〈g,Ψ(x, ·)〉H, g ∈ H, x ∈ R−q ∪ R+q
is the inverse of F .
5.4. Evaluation of the sums. In context with the sums τ (r,k)+ and τ ′(r,k)+, the
conditions
q2(ǫ2−ǫ1−σ3+σ4) 6= q2t1 , t1 ∈ Z, q2(ǫ2−ǫ1+σ3−σ4) 6= q2t2 , t2 ∈ Z\0,
q2(ǫ2−ǫ1−σ3−σ4) 6= q2t3 , t3 ∈ Z>0, q2(ǫ2−ǫ1+σ3+σ4) 6= q2t4 , t4 ∈ Z<0,
(75a)
|zqeiθ| <1,
|zqe−iθ| <1 if eiθ /∈ Γ+(75b)
are imposed to ensure well-defined quantities Rk,k+r
∗
l,l+r∗ and ρ
(r)+
l and absolute con-
vergence of the sums. The replacements q2σ3 → q−2σ3 in (75a) and Γ+ → Γ− in
(75b) yield the corresponding conditions for τ (r,k)− and τ ′(r,k)−.
Theorem 1. The sums τ (r,k)+ and τ ′(r,k)+ with the property (75) are related by
(76) τ (r,k)+ − αα′q2(ǫ′1−ǫ1)τ ′(r,k)+ =
θq2
(
αα′q2(ǫ1−ǫ
′
1+1)
)
θq2
(
αz−1q2(ǫ1−ǫ4), α′z−1q2(ǫ
′
1−ǫ4)
)√θq2(−q2(ǫ3+σ3)+1,−q2(ǫ4+σ4)+1)
θq2
(−q2(ǫ3−σ3)+1,−q2(ǫ4−σ4)+1) ·(
zq2(ǫ1−ǫ2+1), zq2(σ4−σ3+1), zq2(σ3+σ4+1), q2; q2
)
∞(
q2(ǫ2−ǫ1+σ3−σ4+1), q−2(ǫ2−ǫ1+σ3−σ4)+2; q2
)
∞
·{
θq2
(
zq2(σ3−σ4+1),−αα′z−1q2(ǫ1+ǫ′1−ǫ4+σ3)+1,−q2(ǫ4−σ4)+1)
θq2
(
q2(ǫ2−ǫ1−σ3+σ4),−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1) ·(
q−2(ǫ2−ǫ1−σ3+σ4)+2; q2
)
∞(
q2(ǫ2−ǫ1+σ3+σ4+1); q2
)
∞
u
(
q2ǫ2 , q2ǫ1 ; eiθ
)(
zqeiθ, zqe−iθ; q2
)
∞
·
(−1)ra+−r
(
q2ǫ3 , q2ǫ4 ; q2σ3 ; cos θ
)
ρ
(−r)+
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ
)
+
θq2
(
zq2(ǫ2−ǫ1+1),−αα′z−1q2(ǫ1+ǫ′2−ǫ4+σ4)+1,−q2(ǫ3−σ3)+1)
θq2
(
q−2(ǫ2−ǫ1−σ3+σ4),−αq2(ǫ2+σ4)+1,−α′q2(ǫ′2+σ4)+1) ·(
q2(ǫ2−ǫ1−σ3+σ4+1); q2
)
∞(
q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
∞
(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ; q2
)
∞(
zqeiθ, zqe−iθ; q2
)
∞
·
a+r
(
q2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ
)
ρ
(r)+
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ
)}
.
Here u(q2ǫ2 , q2ǫ1 ; eiθ) denotes the function introduced for equation (50).
Proof : The assertion is first proven imposing the additional constraint
(77) max
(|zq2(k+r+ǫ3+σ3+1)e±iθ|, |q2(k+ǫ4−σ4)+1|, |q2(k+r+ǫ3−σ3)+1|) < 1.
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Insertion of the expressions (15) and (26) for the R-elements and ρ
(r)+
l into the
Definition 1 leads to
(78) τ (r,k)+ = κra
+
r z
−k−rq−k−r
S−k
(
q−2ǫ4 , q2σ4
)
S−k−r
(
q−2ǫ3 , q2σ3
) ·(
q2(r+ǫ2−ǫ1)+1eiθ, q2(σ3−σ4)+1eiθ, q2(σ3+σ4)+1eiθ; q2
)
∞(
e2iθ, q−2(ǫ2−ǫ1+σ3−σ4)+2, q2(ǫ2−ǫ1+σ3+σ4+1), q2(ǫ2−ǫ1+σ3−σ4+1); q2
)
∞
·
∞∑
l=−∞
∞∑
m,n=0
{(
αq2(n+l−k−r+ǫ1−ǫ3+1),−αq2(m+l+r+ǫ2+σ3+1)e−iθ; q2)
∞
q2l(−αq2(n+l+ǫ1+σ3)+1, αz−1q2(l−k+ǫ1−ǫ4); q2)
∞
·
(−q−2(k+r+ǫ3−σ3)+1, zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1); q2)
n
q2n(
q−2(r+ǫ2−ǫ1−σ3+σ4)+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2, q2; q2
)
n
·(
zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2
)
∞
(
q−2(r+ǫ2−ǫ1−σ3−σ4)+2; q2
)
r(
q2(r+ǫ2−ǫ1−σ3+σ4); q2
)
∞
+
(
αq2(n+l−k+ǫ1−ǫ4−σ3+σ4+1),−αq2(m+l+r+ǫ2+σ3+1)e−iθ; q2)
∞
q2l(−αq2(n+l+r+ǫ2+σ4)+1, αz−1q2(l−k+ǫ1−ǫ4); q2)
∞
·(−q−2(k+ǫ4−σ4)+1, zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2)
n
q2n(
q2(r+ǫ2−ǫ1−σ3+σ4+1), q4σ4+2, q2; q2
)
n
·(−q−2(k+r+ǫ3−σ3)+1, zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1), q4σ4+2; q2)
∞(−q−2(k+ǫ4−σ4)+1, q−2(ǫ2−ǫ1−σ3−σ4)+2, q−2(r+ǫ2−ǫ1−σ3+σ4); q2)
∞
}
·(
q2(r+ǫ2−ǫ1)+1e−iθ, q2(σ3−σ4)+1e−iθ, q2(σ3+σ4)+1e−iθ; q2
)
m
q2m(
q2e−2iθ, q2; q2
)
m
+ idem (θ;−θ).
The multiple sum is absolutely convergent since |zqe±iθ| < 1. Interchanging
summations, the expression in the third line gives rise to a 2ψ2-series. Appli-
cation of Slater’s transformation formula [[11]:5.4.3] for the rψr-series with r →
2, a1 → −αq2(n+ǫ1+σ3)+1, a2 → αz−1q−2(k−ǫ1+ǫ4), b1 → αq2(n−k−r+ǫ1−ǫ3+1),
b2 → −αq2(m+r+ǫ2+σ3+1)e−iθ, z → q2, c1 → αα′q2(ǫ1−ǫ′1+1) = αα′q2(ǫ2−ǫ′2+1) and
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c2 → αz−1q−2(k−ǫ1+ǫ4)+2 yields
(79)
(
αq2(n−k−r+ǫ1−ǫ3+1),−αq2(m+r+ǫ2+σ3+1)e−iθ; q2)
∞(−αq2(n+ǫ1+σ3)+1, αz−1q−2(k−ǫ1+ǫ4); q2)
∞
·
2ψ2
( −αq2(n+ǫ1+σ3)+1, αz−1q−2(k−ǫ1+ǫ4)
αq2(n−k−r+ǫ1−ǫ3+1), −αq2(m+r+ǫ2+σ3+1)e−iθ ; q
2, q2
)
=
αα′q2(ǫ
′
1−ǫ1)
(
α′q2(n−k−r+ǫ
′
1−ǫ3+1),−α′q2(m+r+ǫ′2+σ3+1)e−iθ; q2)
∞(−α′q2(n+ǫ′1+σ3)+1, α′z−1q−2(k−ǫ′1+ǫ4); q2)
∞
·
2ψ2
( −α′q2(n+ǫ′1+σ3)+1, α′z−1q−2(k−ǫ′1+ǫ4)
α′q2(n−k−r+ǫ
′
1−ǫ3+1), −α′q2(m+r+ǫ′2+σ3+1)e−iθ ; q
2, q2
)
+
θq2
(−αα′z−1q2(n−k+ǫ1+ǫ′1−ǫ4+σ3)+1, αα′q2(ǫ1−ǫ′1+1))
θq2
(
αz−1q−2(k−ǫ1+ǫ4), α′z−1q−2(k−ǫ
′
1+ǫ4),−αq2(n+ǫ1+σ3)+1,−α′q2(n+ǫ′1+σ3)+1) ·(−z−1q−2(n+k+ǫ4+σ3)+1, zq2n−2(r+ǫ2−ǫ1)+2,−zq2(m+k+r+ǫ3+σ3+1)e−iθ, q2; q2)
∞
· 2ψ2
( −zq2(n+k+ǫ4+σ3)+1, 1
zq2n−2(r+ǫ2−ǫ1)+2, −zq2(m+k+r+ǫ3+σ3+1)e−iθ ; q
2, q2
)
,
where the property (4) of the θ-function has been taken into account. According
to the definitions by (2) and (1), the 2ψ2-series in the last line can be rewritten by
(80) 2φ1
(
z−1q−2n+2(r+ǫ2−ǫ1), −z−1q−2(m+k+r+ǫ3+σ3)eiθ
−z−1q−2(n+k+ǫ4+σ3)+1 ; q
2, zq2m+1e−iθ
)
=(
q−2n+2(m+r+ǫ2−ǫ1)+1e−iθ,−q−2(k+r+ǫ3+σ3)+1; q2)
∞(−z−1q−2(n+k+ǫ4+σ3)+1, zq2m+1e−iθ; q2)
∞
,
where the q-Gauss sum [[11]:II.8] has been employed.
Due to (80) and the property (4), the second contribution to the rhs of (79) is
given by
(81)
dk
(
zq2n−2(r+ǫ2−ǫ1)+2,−zq2(m+k+r+ǫ3+σ3+1)e−iθ, q2(m+r+ǫ2−ǫ1)+1e−iθ; q2)
∞(
zq2m+1e−iθ; q2
)
∞
·
(−1)nznq2mn+2n(k+r+ǫ3+σ3)e−inθ(q−2(m+r+ǫ2−ǫ1)+1eiθ; q2)
n
·(−q−2(k+r+ǫ3+σ3)+1, q2; q2)
∞
with
dk =
θq2
(−αα′z−1q−2(k−ǫ1−ǫ′1+ǫ4−σ3)+1, αα′q2(ǫ1−ǫ′1+1))
θq2
(
αz−1q−2(k−ǫ1+ǫ4), α′z−1q−2(k−ǫ
′
1+ǫ4),−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1) .
Analogous steps for the remaining parts on the rhs of (78) show that the difference
τ (r,k)+ − αα′q2(ǫ′1−ǫ1)τ ′(r,k)+ can be formulated in terms of the contribution due
to the second part on the rhs of (79) and the corresponding contribution from
the remaining evaluations of the l-summations in (78). Denoting the contribution
due to the second part on the rhs of (79) by Ω(eiθ), the evaluation (81) and the
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requirement |zq2(k+r+ǫ3+σ3+1)e−iθ| < allow to write the sum over n as a 3φ2-series:
(82) Ω(eiθ) = κra
+
r dk z
−k−rq−k−r
S−k
(
q−2ǫ4 , q2σ4
)
S−k−r
(
q−2ǫ3 , q2σ3
) ·(−q−2(k+r+ǫ3+σ3)+1, zq−2(r+ǫ2−ǫ1)+2, zq2(σ4−σ3+1), z−1q2(σ4−σ3), q2; q2)
∞(
q−2(ǫ2−ǫ1+σ3−σ4)+2, q2(ǫ2−ǫ1+σ3+σ4+1), q2(ǫ2−ǫ1+σ3−σ4+1); q2
)
∞
·(
q2(r+ǫ2−ǫ1)+1eiθ, q2(r+ǫ2−ǫ1)+1e−iθ; q2
)
∞
(
q−2(r+ǫ2−ǫ1−σ3−σ4)+2; q2
)
r(
q2(r+ǫ2−ǫ1−σ3+σ4); q2
)
∞
·(−zq2(k+r+ǫ3+σ3+1)e−iθ, q2(σ3−σ4)+1eiθ, q2(σ3+σ4)+1eiθ; q2)
∞(
zqe−iθ, e2iθ; q2
)
∞
·
∞∑
m=0
(
zqe−iθ, q2(σ3−σ4)+1e−iθ, q2(σ3+σ4)+1e−iθ; q2
)
m
q2m(−zq2(k+r+ǫ3+σ3+1)e−iθ, q2e−2iθ, q2; q2)
m
·
3φ2
(−q−2(k+r+ǫ3−σ3)+1, q−2(m+r+ǫ2−ǫ1)+1eiθ, z−1q−2(r+ǫ2−ǫ1)
q−2(r+ǫ2−ǫ1−σ3+σ4)+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2
; q2,−zq2(m+k+r+ǫ3+σ3+1)e−iθ
)
.
Applying the transformation [[11]:III.9] with a→ −q−2(k+r+ǫ3−σ3)+1, b→ q−2(m+r+ǫ2−ǫ1)+1eiθ,
c→ z−1q−2(r+ǫ2−ǫ1), d→ q−2(r+ǫ2−ǫ1−σ3−σ4)+2 e→ q−2(r+ǫ2−ǫ1−σ3+σ4)+2, the last
two lines are reformulated by
(83)
(−q2(k+ǫ4−σ4)+1, zq4σ3+3e−iθ; q2)
∞(−zq2(k+r+ǫ3+σ3+1)e−iθ, q−2(r+ǫ2−ǫ1−σ3+σ4)+2; q2)
∞
·
∞∑
m=0
(
zqe−iθ, q2(σ3−σ4)+1e−iθ, q2(σ3+σ4)+1e−iθ; q2
)
m
q2m(
zq4σ3+3e−iθ, q2e−2iθ, q2; q2
)
m
·
3φ2
(−q−2(k+r+ǫ3−σ3)+1, q2(m+σ3+σ4)+1e−iθ, zq2(σ3+σ4+1)
zq2m+4σ3+3e−iθ, q−2(r+ǫ2−ǫ1−σ3−σ4)+2
, q2,−q2(k+ǫ4−σ4)+1
)
=
(−q2(k+ǫ4−σ4)+1, zq4σ3+3e−iθ; q2)
∞(−zq2(k+r+ǫ3+σ3+1)e−iθ, q−2(r+ǫ2−ǫ1−σ3+σ4)+2; q2)
∞
·
∞∑
j=0
(−q−2(k+r+ǫ3−σ3)+1, zq2(σ3+σ4+1), q2(σ3+σ4)+1e−iθ; q2)
j(
zq4σ3+3e−iθ, q−2(r+ǫ2−ǫ1−σ3−σ4)+2, q2; q2
)
j
(−1)jq2j(k+ǫ4−σ4)+j·
3φ2
(
q2(j+σ3+σ4)+1e−iθ, zqe−iθ, q2(σ3−σ4)+1e−iθ
zq2j+4σ3+3e−iθ, q2e−2iθ
; q2, q2
)
.
Here the second expression is obtained writing out the first 3φ2-series according to
(1) and interchanging summations. The balanced 3φ2-series in the last line and the
same series with θ replaced by −θ are related by the nonterminating q-Saalschu¨tz
formula [[11]:II.24]. Taking into account the factors on the rhs of (83) and in the
third and fourth line of (82), the q-Saalschu¨tz formula with a→ q2(j+σ3+σ4)+1e−iθ,
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b → zqe−iθ, c → q2(σ3−σ4)+1e−iθ, d → zq2j+4σ3+3e−iθ, e → q2e−2iθ and the prop-
erty (4) lead to
(84) Ω(eiθ) + Ω(e−iθ) = κra
+
r
θq2
(
zq2(σ3−σ4+1)
)
θq2
(
q2(r+ǫ2−ǫ1−σ3+σ4)
) ·
θq2
(−αα′z−1q2(r+ǫ1+ǫ′1−ǫ4+σ3)+1, αα′q2(ǫ1−ǫ′1+1),−q2(r−ǫ4+σ4)+1)
θq2
(
αz−1q2(r+ǫ1−ǫ4), α′z−1q2(r+ǫ
′
1−ǫ4),−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1) ·(
zq2(σ4−σ3+1), zq2(σ3+σ4+1), zq−2(r+ǫ2−ǫ1)+2, q4σ3+2, q2; q2
)
∞(
q−2(ǫ2−ǫ1+σ3−σ4)+2, q2(ǫ2−ǫ1+σ3+σ4+1), q2(ǫ2−ǫ1+σ3−σ4+1); q2
)
∞
·(
q2(r+ǫ2−ǫ1)+1eiθ, q2(r+ǫ2−ǫ1)+1e−iθ; q2
)
∞
(
q−2(r+ǫ2−ǫ1−σ3−σ4)+2; q2
)
r(
zqeiθ, zqe−iθ; q2
)
∞
·
q2(k+r)(σ3+σ4)+k+r
√(−q−2(k+r+ǫ3+σ3)+1,−q−2(k+ǫ4+σ4)+1; q2)
∞(−q−2(k+r+ǫ3−σ3)+1,−q−2(k+ǫ4−σ4)+1; q2)
∞
·
3φ2
(−q−2(k+r+ǫ3−σ3)+1, q2(σ3+σ4)+1eiθ, q2(σ3+σ4)+1e−iθ
q4σ3+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2
; q2,−q2(k+ǫ4−σ4)+1
)
.
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Employing a similar procedure for the remaining contributions on the rhs of (78)
gives
(85) τ (r,k)+ − αα′q2(ǫ′1−ǫ1)τ ′(r,k)+ =
θq2
(
αα′q2(ǫ
′
1−ǫ1)
)
θq2
(
αz−1q2(r+ǫ1−ǫ4), α′z−1q2(r+ǫ
′
1−ǫ4)
)√θq2(−q2(ǫ3+σ3)+1,−q2(r−ǫ4−σ4)+1)
θq2
(−q2(ǫ3−σ3)+1,−q2(r−ǫ4+σ4)+1) ·
a+r κr
(
zq−2(r+ǫ2−ǫ1)+2, zq2(σ4−σ3+1), zq2(σ3+σ4+1), q2; q2
)
∞(
q2(ǫ2−ǫ1+σ3−σ4+1), q−2(ǫ2−ǫ1+σ3−σ4)+2; q2
)
∞
·
qk+r
√(−q2(k+r+ǫ3−σ3)+1,−q2(k+ǫ4−σ4)+1; q2)
∞(−q2(k+r+ǫ3+σ3)+1,−q2(k+ǫ4+σ4)+1; q2)
∞
·{
θq2
(
zq2(σ3−σ4+1),−αα′z−1q2(r+ǫ1+ǫ′1−ǫ4+σ3)+1,−q2(r−ǫ4+σ4)+1)(q4σ3+2; q2)
∞
θq2
(
q2(r+ǫ2−ǫ1−σ3+σ4),−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1)(q2(ǫ2−ǫ1+σ3+σ4+1); q2)
∞
·(
q−2(r+ǫ2−ǫ1−σ3−σ4)+2; q2
)
r
(
q2(r+ǫ2−ǫ1)+1eiθ, q2(r+ǫ2−ǫ1)+1e−iθ; q2
)
∞(
zqeiθ, zqe−iθ; q2
)
∞
·
3φ2
(−q−2(k+r+ǫ3−σ3)+1, q2(σ3+σ4)+1eiθ, q2(σ3+σ4)+1e−iθ
q4σ3+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2
; q2,−q2(k+ǫ4−σ4)+1
)
+
θq2
(
zq2(r+ǫ2−ǫ1+1),−αα′z−1q2(2r+ǫ2+ǫ′2−ǫ3+σ4)+1,−q2(ǫ3−σ3)+1)
θq2
(
q−2(r+ǫ2−ǫ1−σ3+σ4),−αq2(r+ǫ2+σ4)+1,−α′q2(r+ǫ′2+σ4)+1) ·(
q4σ4+2; q2
)
∞(
q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
∞
(
q2(ǫ2−ǫ1+σ3+σ4+1); q2
)
r
·(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ; q2
)
∞(
zqeiθ, zqe−iθ; q2
)
∞
·
3φ2
(−q−2(k+ǫ4−σ4)+1, q2(σ3+σ4)+1eiθ, q2(σ3+σ4)+1e−iθ
q4σ4+2, q2(r+ǫ2−ǫ1+σ3+σ4+1)
; q2,−q2(k+r+ǫ3−σ3)+1
)}
.
Applying equation (31) with r → −r, l → k + r, ǫ1 → ǫ3, ǫ2 → ǫ4, q2σ1 → q2σ3 ,
q2σ2 → q2σ4 and with l → k, ǫ1 → ǫ4, ǫ2 → ǫ3, q2σ1 → q2σ4 , q2σ2 → q2σ3 allows
to express the 3φ2-series in terms of the functions ρ
(−r)+
k+r (q
2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ)
and ρ
(r)+
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ). Taking into account the equations (16), (42)
for κr and a
+
r , the statement (76) is obtained in the case (77).
Combining (63) with r → r + 1 and (62) leads to
(86) s−k
(
q−2ǫ4 , q2σ4
)
s−k−r
(
q−2ǫ3 , q2σ3
)
Ξ(r,k−1)±
+ s−k−1
(
q−2ǫ4 , q2σ4
)
s−k−r−1
(
q−2ǫ3 , q2σ3
)
Ξ(r,k+1)±
=
{
q−2(r+ǫ2−ǫ1)−1
(
1 + q−2(k+ǫ4+σ4)+1
)(
1 + q−2(k+ǫ4−σ4)+1
)
+ q2(r+ǫ2−ǫ1)+1
(
1 + q−2(k+r+ǫ3+σ3)−1
)(
1 + q−2(k+r+ǫ3−σ3)−1
)
− q−2(r+ǫ2−ǫ1)−1(1− q2(r+ǫ2−ǫ1)+1eiθ)(1− q2(r+ǫ2−ǫ1)+1e−iθ)}Ξ(r,k)±.
Equation (86) relating τ (r,k)+−αα′q2(ǫ′1−ǫ1)τ ′(r,k)+ for different values of k is easily
confirmed for the expression on the rhs of (76) making use of the contiguous relation
INTERTWINERS AND THE VECTOR-VALUED BIG q-JACOBI TRANSFORM 31
(48) with the replacements r → −r, l → k + r, ǫ1 → ǫ3, ǫ2 → ǫ4, q2σ1 → q2σ3 ,
q2σ2 → q2σ4 and l → k, ǫ1 → ǫ4, ǫ2 → ǫ3, q2σ1 → q2σ4 , q2σ2 → q2σ3 . Thus the
condition (77) can be relaxed. This shows the assertion in the case |zqe±iθ| < 1.
For eiθ ∈ Γ+, the contribution written out explicitely on the rhs of (26) vanishes.
Therefore the part written out on the rhs of (78) is not present. The multiple sum
in the second part obtained by the replacement θ → −θ is absolutely convergent
provided that |zqeiθ| < 1. Similarly, the multiple sum leading to the nonvanish-
ing contribution to the second part on the rhs of (85) is absolutely convergent if
|zqeiθ| < 1. Thus in the case eiθ ∈ Γ+, the statement remains valid with the second
of the conditions (75b) suspended.
Remark : The replacement σ3 → −σ3 on the rhs of (76) gives an expression for
τ (r,k)− − αα′q2(ǫ′1−ǫ1)τ ′(r,k)−.
The R-elements Rk,k+r
∗
l,l+r∗ can be written as the integral transform G of a function
g given by the rhs of (76) normalized by a simple factor independent of k, l, r.
Here the specifications (38) and (68) are employed in the explicit expressions in [8]
underlying equation (74). This representation of Rk,k+r
∗
l,l+r∗ generalizes Proposition 2
in [12].
Throughout the remainder, the cases q4σ4 = q2n with n ∈ Z≥0 are excluded.
For a fixed value of ǫ2 + ǫ
′
2 ≡ ζ and of β = αα′, a particular choice of Rk,k+r
∗
l,l+r∗ in
Definition 1 gives rise to a simple expression for the corresponding sum Ξ(r,k)±.
Introducing
(87) Rk,k+r
∗
l,l+r∗ = r
k,k+r∗
l,l+r∗ ≡ rk,k+r
∗
l,l+r∗
(
z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
ι(q2σ3 )
√
θq2
(−q2(ǫ3+σ3)+1,−q2(ǫ3−σ3)+1)·{
c(q2σ4)θq2
(−αq2(ǫ2+σ4)+1,−βα−1q2(ζ−ǫ2+σ4)+1,−βz−1q2(ζ−ǫ3−σ4)+1)Rk,k+r∗l,l+r∗
−c(q−2σ4)θq2
(−αq2(ǫ2−σ4)+1,−βα−1q2(ζ−ǫ2−σ4)+1,−βz−1q2(ζ−ǫ3+σ4)+1)Rˇk,k+r∗l,l+r∗ }
with ι(q2σ3 ) = |q2σ3 |−1q2σ3 and
c(q2σ4) ≡ c(z; q2ǫ3, q2ǫ4 ; q2σ3 , q2σ4) =√
θq2
(−q2(ǫ4−σ4)+1)
θq2
(−q2(ǫ4+σ4)+1)
(
q−2(ǫ2−ǫ1+σ3−σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
∞(
zq2(σ3+σ4+1), zq2(σ4−σ3+1); q2
)
∞
,
the sums attributed to (87) by Definition (1) are denoted by
τ̂ (r,k)±(q2ζ , q2ǫ2) ≡ τ̂ (r,k)±(z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; cos θ),
τ̂ (r,k)(q2ζ , q2ǫ2) ≡ τ̂ (r,k)(z, x, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ)(88)
in the following. For convenience, the notation
τ̂ ′(r,k)±(q2ζ , q2ǫ
′
2) ≡ τ̂ (r,k)±(z, α′;β, q2ζ ; q2ǫ′1 , q2ǫ′2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; cos θ),
τ̂ ′(r,k)(q2ζ , q2ǫ
′
2) ≡ τ̂ (r,k)(z, x′, α′;β, q2ζ ; q2ǫ′1 , q2ǫ′2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ)(89)
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is adopted. The sums τ̂ (r,k)+(q2ζ , q2ǫ2) and τ̂ ′(r,k)+(q2ζ , q2ǫ
′
2) are well-defined and
absolutely convergent provided that
q2(ǫ2−ǫ1+σ3±σ4) 6= q2t1 , t1 ∈ Z\0, q2(ǫ2−ǫ1−σ3±σ4) 6= q2t2 , t2 ∈ Z
|zeiθ| < 1,
|zqe−iθ| < 1 if eiθ /∈ Γ+,
(90)
where all four sign choices are independent. Replacing q2σ3 by q−2σ3 and Γ+ by Γ−
yields the corresponding conditions for τ̂ (r,k)−(q2ζ , q2ǫ2) and τ̂ ′(r,k)−(q2ζ , q2ǫ
′
2). The
sums τ̂ (r,k)(q2ζ , q2ǫ2) and τ̂ ′(r,k)(q2ζ , q2ǫ
′
2) are well-defined and absolutely convergent
if
q2(ǫ2−ǫ1+σ3±σ4) 6= q2t1 , q2(ǫ2−ǫ1−σ3±σ4) 6= q2t2 , t1, t2 ∈ Z,
|zqeiθ| < 1.
(91)
Corollary 1. The sums τ̂ (r,k)+(q2ζ , q2ǫ2) and τ̂ ′(r,k)+(q2ζ , q2ǫ
′
2) with the property
(90) satisfy
(92) τ̂ (r,k)+(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)+(q2ζ , q2ǫ′2) =
q2(ǫ4−σ4)+1ι(q2σ3 )
θq2
(
αα′q2(ǫ
′
1−ǫ1), αα′z−1q2(ǫ1+ǫ
′
2+1), q4σ4
)
θq2
(−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1) ·
θq2
(−q2(ǫ3+σ3)+1,−αα′q2(ǫ2+ǫ′2−ǫ3+σ3)+1)·(
zq2(ǫ1−ǫ2+1), q−2(ǫ2−ǫ1−σ3+σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2, q2; q2
)
∞(
q2(ǫ2−ǫ1+σ3+σ4+1), q2(ǫ2−ǫ1+σ3−σ4+1); q2
)
∞
·
u
(
q2ǫ2 , q2ǫ1 ; eiθ
)(
zqeiθ, zqe−iθ; q2
)
∞
·
(−1)ra+−r
(
q2ǫ3 , q2ǫ4 ; q2σ3 ; cos θ
)
ρ
(−r)+
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ
)
.
Proof : Rewriting the relation (50) with the replacements l → k, ǫ1 → ǫ4, ǫ2 →
ǫ3, q
2σ1 → q2σ4 , q2σ2 → q2σ3 , the function a+r
(
q2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ
)
ρ
(r)+
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ
)
can be eliminated using Theorem 1. Eliminating the function
a−r
(
q2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ
)
ρ
(r)−
k
(
q2ǫ4 , qσ4 ; q2ǫ3 , q2σ3 ; cos θ
)
by means of Theorem 1 with
q2σ4 → q−2σ4 , the third function (−1)ra+−r
(
q2ǫ3 , q2ǫ4 ; q2σ3 ; cos θ
)
ρ
(−r)+
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ
)
is expressed as a linear combination of τ (r,k)+ − αα′q2(ǫ′1−ǫ1)τ ′(r,k)+ and τˇ (r,k)+ −
αα′q2(ǫ
′
1−ǫ1)τˇ ′(r,k)+. Here τˇ (r,k)+ and τˇ ′(r,k)+ denote the sums τ (r,k)+ and τ ′(r,k)+
with q2σ4 replaced by q−2σ4 . Application of [[11]:ex.5.22] with c → αz−1q2(ǫ1−ǫ4),
d → α′z−1q2(ǫ′1−ǫ4), e → −αα′q2(ǫ1+ǫ′2−ǫ4+σ3)+1, f → αα′z−1q2(ǫ1+ǫ′2), b−1g →
q2(ǫ2−ǫ1−σ3+σ4), h−1b → q−4σ4 , b−1a → −αα′z−1q2(ǫ1+ǫ′2−ǫ4+σ4)−1 allows to sim-
plify the prefactor of a˚+r
(
q2ǫ3 , q2ǫ4 ; q2σ3 ; cos θ
)
ρ
(−r)+
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ
)
. Tak-
ing into account the definition of τ̂ (r,k)+(q2ζ , q2ǫ2) by (87) immediately leads to the
assertion.
Replacing σ3 by −σ3 on the rhs of (92) and in the conditions (90) gives rise to
the corresponding expression for τ̂ (r,k)−(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)−(q2ζ , q2ǫ′2).
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Corollary 2. For eiθ = αα′q2(s+ǫ
′
1+ǫ2)+1, the sums τ̂ (r,k)(q2ζ , q2ǫ2) and τ̂ ′(r,k)(q2ζ , q2ǫ
′
2)
with the property (91) are related by
(93) τ̂ (r,k)(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)(q2ζ , q2ǫ′2)
∣∣∣
eiθ=αα′q2(s+ǫ
′
1
+ǫ2)+1
=
q2(ǫ4−σ4)+1ι(q2σ3 )θq2
(
αα′q2(ǫ
′
2−ǫ2), αα′z−1q2(ǫ
′
1+ǫ2+1), q4σ4
)w0(x¯; q2ǫ3 , q2ǫ4 ; eiθ0)
w0
(
x; q2ǫ1 , q2ǫ2 ; eiθ0
) ·(
zq2(ǫ1−ǫ2+1), q2, q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ; q2
)
∞(
zqeiθ, zqe−iθ; q2
)
∞
·
(−1)ra−r
(
x¯; q2ǫ3 , q2ǫ4 ; eiθ
)
ς
(−r)
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; eiθ
)∣∣∣
eiθ=αα′q2(s+ǫ
′
3
+ǫ4)+1
,
where
(94) x¯ = xα, ǫ′3 = ǫ2 + ǫ
′
1 − ǫ4.
and eiθ0 = αα′q2(ǫ
′
1+ǫ2)+1 = αα′q2(ǫ
′
3+ǫ4)+1.
Proof : The statement is first proven for a choice of z with the property
(95) max
(|zq2(s˜+ǫ′1+ǫ2+1)|, |zq−2(s˜+ǫ′1+ǫ2)|) < 1
for some s˜ ∈ Z. Specialzing to eiθ = αα′q2(s˜+ǫ′1+ǫ2)+1, the sum τ̂ (r,k)(q2ζ , q2ǫ2) can
be expressed in terms of τˆ (r,k)±(q2ζ , q2ǫ2). Definition 1, the property (52) and the
definitions of ς
(r)
l and the coefficients a
±
r , ar by (35), (42), (56) imply
(96) τ (r,k)
∣∣∣
eiθ=αα′q2(s˜+ǫ
′
1
+ǫ2)+1
=
θq2
(−αq2(ǫ2−σ3+1)e−iθ,−αq2(ǫ1+σ3)+1)
w0
(
x; q2ǫ1 , q2ǫ2 ; eiθ
) ·(
q2(σ4−σ3)+1eiθ, q−2(σ3+σ4)+1eiθ, q2(ǫ2−ǫ1+σ3+σ4+1), q2(ǫ2−ǫ1+σ3−σ4+1); q2
)
∞
·
τ
(r,k)+
∣∣∣
eiθ=αα′q2(s˜+ǫ
′
1
+ǫ2)+1
− θq2
(−αq2(ǫ2+σ3+1)e−iθ,−αq2(ǫ1−σ3)+1)
w0
(
x; q2ǫ1 , q2ǫ2 ; eiθ
) ·(
q2(σ3+σ4)+1eiθ, q2(σ3−σ4)+1eiθ, q2(ǫ2−ǫ1−σ3+σ4+1), q2(ǫ2−ǫ1−σ3−σ4+1); q2
)
∞
·
τ
(r,k)−
∣∣∣
eiθ=αα′q2(s˜+ǫ
′
1+ǫ2)+1
.
Taking into account the property (53), the lhs of (93) can be evaluated by means of
equation (96) with the specifications τ (r,k) → τ̂ (r,k)(q2ζ , q2ǫ2), τ (r,k)± → τ̂ (r,k)±(q2ζ , q2ǫ2)
or τ (r,k) → τ̂ ′(r,k)(q2ζ , q2ǫ′2), τ (r,k)± → τ̂ ′(r,k)±(q2ζ , q2ǫ′2) and Corollary 1. The
properties (4) and (52) yield
θq2
(−αq2(ǫ2−σ3+1)e−iθ)
w0
(
x; q2ǫ1 , q2ǫ2 ; eiθ
) ∣∣∣
eiθ=αα′q2(s˜+ǫ
′
1+ǫ2)+1
=
θq2
(−α′q2(ǫ′1+σ3)+1)
w0
(
x; q2ǫ1 , q2ǫ2 ; eiθ0
) (xαq2σ3 )−s˜.
Writing
θq2
(−αα′q2(ǫ2+ǫ′2−ǫ3±σ3)+1) = θq2(−αα′q2(ǫ′3±σ3)+1)
= q±2(s˜+r)σ3 x¯s+rw0
(
x¯; q2ǫ3 , q2ǫ4 ; eiθ0
)θq2(q−2r+2(ǫ4∓σ3+1)e−iθ)
w−r(x¯; q2ǫ3 , q2ǫ4 ; eiθ
) ∣∣∣
eiθ=αα′q2(s˜+ǫ
′
3
+ǫ4)+1
due to (52), and taking into account the definitions by (35), (42) and (56) yields
the assertion in the case s = s˜.
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Making use of the relations (176), (177) and (178) with r → −r, l → k + r,
ǫ1 → ǫ4, ǫ2 → ǫ3, q2σ1 → q2σ4 , q2σ2 → q2σ3 , it is straightforward to verify that the
expression on the rhs of (93) satisfies the contiguous relations (64) for
Ξ(r,k)(eiθ) = τ̂ (r,k)(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)(q2ζ , q2ǫ′2)
∣∣∣
eiθ=αα′q2(s+ǫ
′
1
+ǫ2)+1
wrt to the argument eiθ. This shows the assertion for all values of s subject to the
conditions (91) and z chosen according to (95).
To indicate the dependence on z and eiθ in a compact way, the last sums on the
rhs of (88) and (89) are denoted by τ̂ (r,k)(q2ζ , q2ǫ2 ; z, eiθ) and τ̂ ′(r,k)(q2ζ , q2ǫ
′
2 ; z, eiθ),
respectively. Writing Ξ̂(r,k)(z, eiθ) ≡ τ̂ (r,k)(q2ζ , q2ǫ2 ; z, eiθ)−αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)(q2ζ , q2ǫ′2 ; z, eiθ),
the contiguous relation (186) derived in appendix B allows to express Ξ̂(r,k)(zq−2, eiθ)
in terms of Ξ̂(r,k+t¯)(z, q2teiθ) with t ∈ (−1, 0, 1) and t¯ ∈ (0, 1). Application of Corol-
lary 2 to Ξ̂(r,k+t¯)(z, q2teiθ) gives Ξ̂(r,k)(zq−2, eiθ) in terms of a−r(αx; q
2ǫ3 , q2ǫ4 ; q2teiθ)
·ς(−r)k+r+t¯
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; q2teiθ). For t = ±1, the latter can be expressed in terms
of ς
(−r)
k+r+t˜
(q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; eiθ) with t˜ ∈ (−1, 0, 1) by means of the relations (176)
and (177) with r → −r, l → k + r + t¯, q2ǫ1 → q2ǫ3 , q2ǫ2 → q2ǫ4 , q2σ1 → q2σ3 ,
q2σ2 → q2σ4 . The contribution by t˜ = −1 can be eliminated using the relation
(178) with r → −r, l → k + r, q2ǫ1 → q2ǫ3 , q2ǫ2 → q2ǫ4 , q2σ1 → q2σ3 , q2σ2 → q2σ4 .
Then the resulting contributions by t˜ = 1 cancel leaving
Ξ̂(r,k)
(
zq−2, αα′q2(s+ǫ
′
1+ǫ2)+1
)
=
− αα
′zq−2(ǫ
′
1+ǫ2+1)
(
1− zq2(ǫ1−ǫ2))(
1− zq2(s+ǫ′1+ǫ2))(1− zq−2(s+ǫ′1+ǫ2+1)) Ξ̂(r,k)(z, αα′q2(s+ǫ′1+ǫ2)+1).
This confirms the statement (93) for all values of z and eiθ subject to the conditions
(91).
Corollary 3. For eiθ = q2(s
′+ǫ2−ǫ1)−1, the sums τ̂ (r,k)(q2ζ , q2ǫ2) and τ̂ ′(r,k)(q2ζ , q2ǫ
′
2)
with the property (91) satisfy
(97) τ̂ (r,k)(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)(q2ζ , q2ǫ′2)
∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
=
− q2ǫ4+1zs′q3r2−2r(r−s′+2ǫ4−ǫ3+1)q(s′−1)(s′−2ǫ4−1)ι(q2σ3 )·
θq2
(
αα′q2(ǫ
′
2−ǫ2), αα′z−1q2(ǫ
′
1+ǫ2+1),−αα′q2(ǫ′4+σ4)+1,−αα′q2(ǫ′4−σ4)+1)
θq2
(−αq2(ǫ1+σ3)+1,−αq2(ǫ1−σ3)+1,−α′q2(ǫ′1+σ3)+1,−α′q2(ǫ′1−σ3)+1) ·
B˘
u
(
q2ǫ2 , q2ǫ1 ; eiθ
)
(q2; q2)∞
θq2
(
q4(ǫ1−ǫ2)−2(s′−1)
)(
zq2(ǫ2−ǫ1); q2
)
∞
(
zq2(ǫ1−ǫ2+1); q2
)
−s′(
z−1q2(ǫ1−ǫ2+1); q2
)
−s′
·
qr(r−1)−s
′(s′−1)+2(r−s′)(ǫ2−ǫ1)√
(q2; q4(s′+ǫ2−ǫ1); q2)r−s′
ς
(−r)
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; q2(s
′+ǫ2−ǫ1)−1
)
,
where
(98)
B˘ = q2σ3
θq2
(−αq2(ǫ2+σ4)+1,−α′q2(ǫ′2+σ4)+1, q2(ǫ2−ǫ1−σ3−σ4), q2(ǫ2−ǫ1+σ3−σ4+1))
θq2
(−q2(ǫ4+σ4)+1,−αα′q2(ǫ′4+σ4)+1)
− idem(σ4,−σ4).
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Proof : The case eiθ ∈ Γq−2(r+ǫ2−ǫ1)+1 is distinguished by the property
(99) ρ
(−r)+
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ
)∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
= q4(r−s
′)σ3
(
q−2(ǫ2−ǫ1+σ3+σ4)+2, q−2(ǫ2−ǫ1+σ3−σ4)+2; q2
)
−s′(
q−2(ǫ2−ǫ1−σ3+σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
−s′
·
ρ
(−r)−
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ
)∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
obtained from equation (72) with the substitutions r → −r, s → −s′, l → k + r,
ǫ1 → ǫ3, ǫ2 → ǫ4, q2σ1 → q2σ3 and q2σ2 → q2σ4 . Applying the replacements r → −r,
l→ k+r, ǫ1 → ǫ3, ǫ2 → ǫ4, q2σ1 → q2σ3 , q2σ2 → q2σ4 to (35) and making use of (99)
and (5) with x→ iqǫ4−2σ3−σ4+ 32 , λ→ iq−2(s′+ǫ2−ǫ1)+ǫ4+σ4+ 32 , µ → iq2ǫ3−ǫ4+σ4+ 32 ,
ν → iqǫ4+2σ3−σ4− 12 leads to
(100) ς
(−r)
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; q2(s
′+ǫ2−ǫ1)−1
)
=
(−1)1−s′q−3r2+2r(r−s′+2ǫ4−ǫ3+1)q−2s′(s′−1)+2(s′−1)(2ǫ4−ǫ3)+s′−1q−2(r−s′+1)σ3 ·(
q−2(ǫ2−ǫ1−σ3+σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
−s′
·
θq2
(−q2(ǫ4+σ4)+1,−q2(ǫ4−σ4)+1, q4(ǫ2−ǫ1)+2s′ , q4σ3)·
ρ
(−r)+
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ
)∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
.
The assertion is first proven for a choice of z such that
(101) max
(|zq2(s0+ǫ2−ǫ1)|, |zq−2(s0+ǫ2−ǫ1)+2|) < 1
for some s0 ∈ Z. Evaluation of the lhs of (97) for eiθ = q2(s0+ǫ2−ǫ1)−1 by means of
Corollary 1 taking into account relation (99) yields
(102) q−2(s0−1)σ3
(
q2(s0+ǫ2−ǫ1−σ3+σ4), q2(s0+ǫ2−ǫ1−σ3−σ4), q2(ǫ2−ǫ1+σ3+σ4+1); q2
)
∞
·(
q2(ǫ2−ǫ1+σ3−σ4+1); q2
)
∞
·[
τ̂ (r,k)+(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)+(q2ζ , q2ǫ′2)
]∣∣∣
eiθ=q2(s0+ǫ2−ǫ1)−1
− idem(σ3,−σ3)
= ι(q2σ3 )
θq2
(
αα′q2(ǫ
′
2−ǫ2), αα′z−1q2(ǫ
′
1+ǫ2+1), q4σ4
)
(q2; q2)∞
θq2
(−αq2(ǫ1+σ3)+1,−αq2(ǫ1−σ3)+1,−α′q2(ǫ′1+σ3)+1,−α′q2(ǫ′1−σ3)+1) ·
u
(
q2ǫ2 , q2ǫ1 ; eiθ
)(
zq2(ǫ2−ǫ1); q2
)
∞
(
zq2(ǫ1−ǫ2+1), q−2(ǫ2−ǫ1+σ3+σ4)+2, q−2(ǫ2−ǫ1+σ3−σ4)+2; q2
)
−s0(
z−1q2(ǫ1−ǫ2+1); q2
)
−s0
·
(−1)s0+1zs0q2s0σ3−s0(s0−1)−2(s0−1)(ǫ2−ǫ1)+2ǫ4−4σ4+1·{
θq2
(−αq2(ǫ1−σ3)+1,−α′q2(ǫ′1−σ3)+1,−q2(ǫ3+σ3)+1,−αα′q2(ǫ2+ǫ′2−ǫ3+σ3)+1,
q−2(ǫ2−ǫ1−σ3−σ4), q2(ǫ2−ǫ1−σ3+σ4)
)− idem(σ3,−σ3)}·
(−1)ra+−r
(
q2ǫ3 , q2ǫ4 ; q2σ3 ; cos θ
)
ρ
(−r)+
k+r
(
q2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ
)∣∣∣
eiθ=q2(s0+ǫ2−ǫ1)−1
.
The transformation [[11]:ex.5.22] with c → −αq−2(ǫ2+σ4)+1, d → −α′q−2(ǫ′2+σ4)+1,
e→ −q2(ǫ4−σ4)+1, f → −αα′q2(ǫ′4−σ4)+1, b−1g → q−2(ǫ2−ǫ1−σ3−σ4), h−1b→ q−4σ3 ,
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b−1a → q−2(ǫ2−ǫ1−σ3+σ4) allows to rewrite the expression in the braces on the rhs
of (102) by
(103)
q2σ3+4σ4θq2
(−q2(ǫ4+σ4)+1,−q2(ǫ4−σ4)+1,−αα′q2(ǫ′4+σ4)+1,−αα′q2(ǫ′4−σ4)+1)·
θq2
(
q−4σ3
)
θq2
(
q4σ4
) B˘.
With the relation (100), the assertion for s′ = s0 follows immediately.
The relations (176), (177) and (178) with r → −r, l → k + r, ǫ1 → ǫ4, ǫ2 → ǫ3,
q2σ1 → q2σ4 , q2σ2 → q2σ3 allow to demonstrate the contiguous relations (64) for
Ξ(r,k)(eiθ) = τ̂ (r,k)(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)(q2ζ , q2ǫ′2)
∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
.
This shows the assertion for all values of s′ restricted by (91) and a choice of z
giving rise to the property (101).
The condition (101) can be released due to equation (186). With the replacement
q2s → αα′q2(s′−ǫ′1−ǫ1−1) applied to the main steps in the last part of the proof of
Corollary 2, use of Corollary 3 leads to
Ξ̂(r,k)
(
zq−2, q2(s
′+ǫ2−ǫ1)−1
)
=
− αα
′zq−2(ǫ
′
1+ǫ2+1)
(
1− zq2(ǫ1−ǫ2))(
1− zq2(s′+ǫ2−ǫ1−1))(1− zq−2(s′+ǫ2−ǫ1)) Ξ̂(r,k)(z, q2(s′+ǫ2−ǫ1)−1),
provided that Corollary 3 can be applied to Ξ̂(r,k)(z, q2(s
′+ǫ2−ǫ1)−1). Thus the
statement (97) is established for all values of z and eiθ satisfying the conditions
(91).
6. The initial condition
This section turns to a closer examination of the matrix elements Rk,k+r
∗
l,l+r∗ =
rk,k+r
∗
l,l+r∗ specified by (87) in the particular cases z = ε, q
2σ4 = εq2σ3 with ε = 1
or ε = −1. For a linear combination r¯k,k+r∗l,l+r∗ of rk,k+r
∗
l,l+r∗ and a second set r˚
k,k+r∗
l,l+r∗
obtained from rk,k+r
∗
l,l+r∗ by the simple parameter replacements indicated in (104),
Proposition 1 provides the initial condition valid in the special cases z = α = ε,
ǫ1 = ǫ4, ǫ2 = ǫ3, q
2σ4 = εq2σ3 . Proposition 2 gives expressions for rk,k+r
∗
l,l+r∗ in the
cases z = ε, q2σ4 = εq2σ3 and z = α = ε, ǫ1 = ǫ4, ǫ2 = ǫ3, q
2σ4 = εq2σ3 .
Throughout the subsequent analysis, the cases q4σi = q2n with n ∈ Z≥0 and
i = 3, 4 are excluded. The expression (15) for Rk,k+r
∗
l,l+r∗ or Rˇ
k,k+r∗
l,l+r∗ entails simple
poles located at z = αq2(m+l−k+ǫ1−ǫ4) with m ∈ Z≥0. In contrast, the singularities
are not present in the linear combination rk,k+r
∗
l,l+r∗ defined by (87). This feature is
easily demonstrated for a particular combination of rk,k+r
∗
l,l+r∗ and
(104) r˚k,k+r
∗
l,l+r∗ = r
k+r,k∗
l+r,l∗ (z, α;β, q
2(ǫ1+ǫ
′
1); q2ǫ2 , q2ǫ1 ; q2ǫ4 , q2ǫ3 ; q2σ4 , q2σ3)
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given by
(105) r¯k,k+r
∗
l,l+r∗ ≡ r¯k,k+r
∗
l,l+r∗
(
z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
θq2
(−zq2(ǫ3+σ4)+3,−αα′z−1q2(ǫ1+ǫ′1−ǫ4−σ3)+1,−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1)·
θq2
(−q2(ǫ4+σ4)+1,−q2(ǫ4−σ4)+1, q4σ3+2)(z−1q2(ǫ2−ǫ1); q2)
∞
ι(q2σ3 )rk,k+r
∗
l,l+r∗
− θq2
(−zq2(ǫ4+σ3)+3,−αα′z−1q2(ǫ2+ǫ′2−ǫ3−σ4)+1,−αq2(ǫ2+σ4)+1,−α′q2(ǫ′2+σ4)+1)·
θq2
(−q2(ǫ3+σ3)+1,−q2(ǫ3−σ3)+1, q4σ4+2)(z−1q2(ǫ1−ǫ2); q2)
∞
ι(q2σ4 )˚rk,k+r
∗
l,l+r∗ .
According to (19) and (20), setting Rk,k+r
∗
l,l+r∗ = r¯
k,k+r∗
l,l+r∗ provides a solution of the
intertwining condition (13). In terms of Rˇk,k+r
∗
l,l+r∗ and
˚ˇRk,k+r
∗
l,l+r∗ introduced by (18)
and (20), the rhs of (105) is reformulated as
(106) r¯k,k+r
∗
l,l+r∗ = −θq2
(
αz−1q2(ǫ1−ǫ4), α′z−1q2(ǫ
′
1−ǫ4), q4σ3+2, q4σ4+2
)·√
θq2(−q2(ǫ3+σ3)+1,−q2(ǫ3−σ3)+1,−q2(ǫ4+σ4)+1,−q2(ǫ4−σ4)+1)·{
θq2
(
αα′q2(ǫ2+ǫ
′
2+1),−αα′z−1q2(ǫ1+ǫ′1−ǫ4−σ3)+1,−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1)·√
θq2(−q2(ǫ4+σ4)+1,−q2(ǫ4−σ4)+1)
(
z−1q2(ǫ2−ǫ1); q2
)
∞
· c(q−2σ4)Rˇk,k+r∗l,l+r∗
− θq2
(
αα′q2(ǫ1+ǫ
′
1+1),−αα′z−1q2(ǫ2+ǫ′2−ǫ3−σ4)+1,−αq2(ǫ2+σ4)+1,−α′q2(ǫ′2+σ4)+1)·√
θq2(−q2(ǫ3+σ3)+1,−q2(ǫ3−σ3)+1)
(
z−1q2(ǫ1−ǫ2); q2
)
∞
· c˚(q−2σ3) ˇ˚Rk,k+r∗l,l+r∗ },
where c˚(q−2σ3 ) ≡ c(z; q2ǫ4, q2ǫ3 ; q2σ4 , q−2σ3). The first θ-function on the rhs implies
the absence of the singularities at z = αq2(m+l−k+ǫ1−ǫ4).
Writing out the rhs of (105) by means of (87) and the same equation with
r→ −r, l→ l+ r, k → k+ r, ǫ1 ↔ ǫ2, ǫ3 ↔ ǫ4, q2σ3 ↔ q2σ4 , the relations (21) with
q2σ3 → q−2σ3 and (21) with r → −r, l → l + r, k → k + r, ǫ1 ↔ ǫ2, q2σ3 → q2σ4 ,
q2σ4 → q−2σ3 are employed to obtain an expression in terms of Rˇk,k+r∗l,l+r∗ and ˇ˚Rk,k+r
∗
l,l+r∗ .
Then application of the relations (5) with x→ iqǫ3−σ3−2σ4+ 32 , λ→ −iqǫ3−2ǫ4−σ3+ 12 ,
µ→ izqǫ3+σ3+ 32 , ν → iqǫ3−σ3+2σ4− 12 followed by (5) with x→ −√αα′qǫ2+ǫ′2+2σ4+1,
λ → αqǫ2−ǫ′2/√αα′, µ → −√αα′qǫ2+ǫ′2−2σ4+1, ν → √αα′z−1qǫ2−ǫ′2−2ǫ3 to sim-
plify the prefactor of Rˇk,k+r
∗
l,l+r∗ gives rise to the first contribution on the rhs of
(106). Similarly, use of (5) with x → izqǫ4+σ4+ 32 , λ → iqǫ3+ǫ2−ǫ1+σ4− 12 , µ →
iqǫ4−σ4+2σ3+
3
2 , ν → iqǫ4−2σ3−σ4− 12 and (5) with x → −√αα′qǫ1+ǫ′1−2σ3+1, λ →√
αα′z−1qǫ1+ǫ
′
1−2ǫ4 , µ → −√αα′qǫ1+ǫ′1+2σ3+1, ν → αqǫ1−ǫ′1/√αα′ in the prefactor
of
ˇ˚
Rk,k+r
∗
l,l+r∗ leads to the second contribution on the rhs of (106).
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Proposition 1. The solution r¯k,k+r
∗
l,l+r∗ satisfies
(107) r¯k,k+r
∗
l,l+r∗
(
1, 1;α′, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ2 , q2ǫ1 ; q2σ3 , q2σ3
)
= −δk,l(q2; q2)∞·
θq2
(
α′q2(ǫ
′
1+ǫ2+1), α′q2(ǫ
′
1−ǫ1), q2(ǫ2−ǫ1),−q2(ǫ1+σ3)+1,−q2(ǫ2+σ3)+1, q4σ3+2)·{
θq2
(
q2(ǫ2−ǫ1+2σ3+1),−q2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1,−q2(ǫ2−σ3)+1,−α′q2(ǫ′2−σ3)+1)
− q−4σ3 ·
θq2
(
q2(ǫ2−ǫ1−2σ3+1),−q2(ǫ1−σ3)+1,−α′q2(ǫ′1−σ3)+1,−q2(ǫ2+σ3)+1,−α′q2(ǫ′2+σ3)+1)}
and
(108) r¯k,k+r
∗
l,l+r∗
(−1,−1;−α′, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ2 , q2ǫ1 ; q2σ3 ,−q2σ3) =
(−1)kr¯k,k+r∗l,l+r∗
(
1, 1;α′;−q2ζ ;−q2ǫ1 , q2ǫ2 ; q2ǫ2 ,−q2ǫ1 ; q2σ3 , q2σ3).
Proof : For z = ε and q2σ4 = εq2σ3 with ε = 1 or ε = −1, use of [[11]:II.24]
with a → −q−2(k+r+ǫ3−σ3)+1, b → −αq2(l+ǫ1+σ3)+1, c → εq−2(r+ǫ2−ǫ1), e →
εq−2(r+ǫ2−ǫ1−2σ3)+2, f → αq2(l−k−r+ǫ1−ǫ3+1) in the expression (15) with q2σ4 →
εq−2σ3 yields
(109) θq2
(
εαq2(l−k+ǫ1−ǫ4)
)
Rˇk,k+r
∗
l,l+r∗
(
ε, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , εq2σ3
)
=
εk+rαrql−k+2rσ3
√(−q−2(k+r+ǫ3+σ3)+1,−εq−2(k+ǫ4−σ3)+1; q2)
∞(−q−2(k+r+ǫ3−σ3)+1,−εq−2(k+ǫ4+σ3)+1; q2)
∞
·√(−αq2(l+ǫ1−σ3)+1,−εαq2(l+r+ǫ2+σ3)+1; q2)
∞(−αq2(l+ǫ1+σ3)+1,−εαq2(l+r+ǫ2−σ3)+1; q2)
∞
·(
εαq2(l−k+ǫ1−ǫ4+1), εαq2(k−l−ǫ1+ǫ4+1), q−4σ3+2; q2
)
∞(
εq−2(ǫ2−ǫ1+2σ3)+2; q2
)
∞
.
Insertion of (109) and the same equation with r → −r, k → k + r, l → l + r,
ǫ1 ↔ ǫ2, ǫ3 ↔ ǫ4 to the rhs of (106) and specialization to α = z, ǫ1 = ǫ4, ǫ2 = ǫ3
leads to equation (108) and
r¯k,k+r
∗
l,l+r∗
(
1, 1;α′, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ2 , q2ǫ1 ; q2σ3 , q2σ3
)
= −δl,k (q2; q2)∞·
θq2
(
α′q2(ǫ
′
1−ǫ1), q2(ǫ2−ǫ1),−q2(ǫ1+σ3)+1,−q2(ǫ2+σ3)+1, q4σ3+2, q4σ3+2)·{
θq2
(
α′q2(ǫ2+ǫ
′
2+1),−q2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1,−q2(ǫ1−σ3)+1,−α′q2(ǫ′1−σ3)+1)
+ q2(ǫ1−ǫ2)·
θq2
(
α′q2(ǫ1+ǫ
′
1+1),−q2(ǫ2+σ3)+1,−α′q2(ǫ′2+σ3)+1,−q2(ǫ2−σ3)+1,−α′q2(ǫ′2−σ3)+1)}.
According to relation [[11]:ex.5.23] with n→ 4, a1b1 → −εq2(ǫ1+σ3)+1,
a1
b2
→ −εα′q−2(ǫ′2−σ3)+1,
a1
b3
→ εq2(ǫ2−ǫ1+2σ3), a1b4 → εq2(ǫ2−ǫ1),
a1
a2
→ q4σ3 , a1a3 → −q2(ǫ2+σ3)+1,
a1
a4
→
−α′q−2(ǫ′1−σ3)+1, the last expression equals the rhs of equation (107).
The property specified by (107) and (108) is referred to as initial condition.
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Suitable transformations applied to the 8W7-series in (156) and (159)-(161) given
for Rk,k+r
∗
l,l+r∗ in Appendix A allow to derive expressions for r
k,k+r∗
l,l+r∗ indicating directly
the analytic behaviour described above. For the present purpose however it is
sufficient to restrict the remainder of the section to the case α = ε, q2σ4 = εq2σ3
with ε = 1 or ε = −1. With the additional restrictions α = ε, ǫ1 = ǫ4, ǫ2 =
ǫ3, the solution r
k,k+r∗
l,l+r∗ reduces to a terminating 4φ3-series if k 6= l. Convenient
abbreviations suited to these choices are introduced by
(110) vk,r,l ≡ vk,r,l
(
ε, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3
)
=(
1 + εq2(k+ǫ4+σ3)+1
)(
1 + q2(k+r+ǫ3−σ3)+1
)(
1 + εq2(k+ǫ4−σ3)+3
)(
1 + q2(k+r+ǫ3+σ3)−1
) ·
4φ3
(
εαq−2(k−l+ǫ4−ǫ1−1), εq−2(r+ǫ2−ǫ1)+2, q−4σ3+2, q2
−q−2(k+r+ǫ3+σ3)+3, −αq2(l+ǫ1−σ3)+3, q4 ; q
2, q2
)
+
(
εαq−2(k−l+ǫ4−ǫ1−1), αq2(k+l+r+ǫ1+ǫ3+1),−q2(k+r+ǫ3+σ3)+3; q2)
∞(−εq2(k+ǫ4+σ3)+3,−q2(k+r+ǫ3−σ3)+3,−q−2(k+r+ǫ3+σ3)+1; q2)
∞
·(
εq−2(r+ǫ2−ǫ1)+2, q−4σ3+2; q2
)
∞(−αq2(l+ǫ1−σ3)+1,−αq2(l+r+ǫ3+σ3)+1; q2)
∞
1− q2
1 + εq2(k+ǫ4−σ3)+3
·
3φ2
(−εq2(k+ǫ4+σ3)+1, −q2(k+r+ǫ3−σ3)+1, −εαq2(l+r+ǫ2+σ3)+1
αq2(k+l+r+ǫ1+ǫ3+1), −q2(k+r+ǫ3+σ3)+3 ; q
2, q2
)
and
Vk,r,l =

tk,r,l
(
ε; q2ǫ1 , q2ǫ2 ; q2σ3
)
if k > l,
tl+r,−r,k+r
(
ε; q2ǫ2 , q2ǫ1 ; q2σ3
)
if l > k,
vk,r,l
(
ε, ε; q2ǫ1 , q2ǫ2 ; q2ǫ2 , q2ǫ1 ; q2σ3
)
if l = k,
where
tk,r,l
(
ε; q2ǫ1 , q2ǫ2 ; q2σ3
)
=
1(
1 + q2(k+r+ǫ2+σ3)−1
)(
1 + q2(l+ǫ1−σ3)+1
) ·
4φ3
(
q−2(k−l−1), εq−2(r+ǫ2−ǫ1)+2, q−4σ3+2, q2
−q−2(k+r+ǫ2+σ3)+3, −εq2(l+ǫ1−σ3)+3, q4 ; q
2, q2
)
.
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Proposition 2. In the cases z = ε, q2σ4 = εq2σ3 with ε = 1 or ε = −1, the solution
rk,k+r
∗
l,l+r∗ is given by
(111) rk,k+r
∗
l,l+r∗
(
1, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ3
)
=
q2(ǫ3−σ3)+1ι(q2σ3)
(
q2(ǫ1−ǫ2+1); q2
)
∞
(q2; q2)∞
·√(−q2(k+ǫ4+σ3)+1,−q2(k+r+ǫ3−σ3)+1,−αq2(l+ǫ1−σ3)+1,−αq2(l+r+ǫ2+σ3)+1; q2)
∞(−q2(k+ǫ4−σ3)+1,−q2(k+r+ǫ3+σ3)+1,−αq2(l+ǫ1+σ3)+1,−αq2(l+r+ǫ2−σ3)+1; q2)
∞
·{
(−α)l−kq(l−k)2+2(l−k)(ǫ1−ǫ4)(αq2(l−k+ǫ1−ǫ4+1), αq2(k−l+ǫ4−ǫ1+1); q2)
∞
·
θq2
(
αα′q2(ǫ2+ǫ
′
2+1), α′q2(ǫ
′
2−ǫ3), q4σ3
)
+ ql+k+2(ǫ1−ǫ2) vk,r,l·
θq2
(−αq2(ǫ2+σ3)+1,−α′q2(ǫ′2+σ3)+1,−q2(ǫ3−σ3)+1,−αα′q2(ǫ2+ǫ′2−ǫ3−σ3)+1)·(
1 + q2(k+ǫ4−σ3)+3
)(
1− q2(r+ǫ2−ǫ1))(1− q4σ3)(
1 + q2(k+ǫ4+σ3)+1
)(
1 + q2(k+r+ǫ3−σ3)+1
)(
1 + αq2(l+ǫ1−σ3)+1
)
(1 − q2)
}
and
(112) rk,k+r
∗
l,l+r∗
(−1, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 ,−q2σ3) =
(−1)k rk,k+r∗l,l+r∗
(
1, α;β, q2ζ ; q2ǫ1 ,−q2ǫ2 ; q2ǫ3 ,−q2ǫ4 ; q2σ3 , q2σ3).
With the further restriction α = ε and ǫ1 = ǫ4, ǫ2 = ǫ3, the expression for r
k,k+r∗
l,l+r∗
reduces to
(113) rk,k+r
∗
l,l+r∗
(
ε, ε; εα′, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ2 , q2ǫ1 ; q2σ3 , εq2σ3
)
= δk,l ε
k·
q2(ǫ2−σ3)+1ι(q2σ3 )θq2
(
εα′q2(ǫ2+ǫ
′
2+1), εα′q2(ǫ2−ǫ
′
2+1), q4σ3
)(
εq2(ǫ1−ǫ2+1), q2; q2
)
∞
+ Vk,r,l · εk+1θq2
(−q2(ǫ2+σ3)+1,−εα′q2(ǫ′2+σ3)+1,−q2(ǫ2−σ3)+1,−εα′q2(ǫ′2−σ3)+1)·
q2(ǫ1−σ3)+1ι(q2σ3 )
(
εq2(ǫ1−ǫ2+1); q2
)
∞
(
1− εq2(r+ǫ2−ǫ1))(1− q4σ3)
(q2; q2)∞(1 − q2) ·
qk+l
√
(−εq2(ǫ1−σ3)+1,−q2(r+ǫ2+σ3)+1; q2)k(−εq2(ǫ1+σ3)+1,−q2(r+ǫ2−σ3)+1; q2)l
(−εq2(ǫ1+σ3)+1,−q2(r+ǫ2−σ3)+1; q2)k(−εq2(ǫ1−σ3)+1,−q2(r+ǫ2+σ3)+1; q2)l .
Proof : In the case z = ε, q2σ4 = εq2σ3 , the expressions (109) and (109) with
q2σ3 → q−2σ3 can be employed in the definition of rk,k+r∗l,l+r∗ by (87). Making use of
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the relation
(114)
(
1 + εq2(k+ǫ4+σ3)+1
)(
1 + q2(k+r+ǫ3−σ3)+1
)(
1 + αq2(l+ǫ1−σ3)+1
)(
1− q2)(
1− εαq2(l−k+ǫ1−ǫ4))(1 + εq2(k+ǫ4−σ3)+3)(1− εq2(r+ǫ2−ǫ1))(1− q−4σ3) ·
εq−2(k+ǫ4+σ3)−1
{
1−
(−εq2(k+ǫ4−σ3)+1,−q2(k+r+ǫ3+σ3)+1,−αq2(l+ǫ1+σ3)+1; q2)
∞(−εq2(k+ǫ4+σ3)+1,−q2(k+r+ǫ3−σ3)+1,−αq2(l+ǫ1−σ3)+1; q2)
∞
·
(−εαq2(l+r+ǫ2−σ3)+1; q2)
∞(−εαq2(l+r+ǫ2+σ3)+1; q2)
∞
}
= vk,r,l
(
ε, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3
)
= vˆk,r,l
(
ε, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3
)
,
where
vˆk,r,l
(
ε, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3
)
=
vl+r,−r,k+r
(
ε, α;αq2ǫ3 , αq2ǫ4 ;αq2ǫ1 , αq2ǫ2 ; q2σ3
)·(
1 + εq2(k+ǫ4+σ3)+1
)(
1 + εαq2(l+r+ǫ2−σ3)+3
)(
1 + εq2(k+ǫ4−σ3)+3
)(
1 + εαq2(l+r+ǫ2+σ3)+1
) ,
and equation (5) with x→ −√αα′qǫ2+ǫ′2+2σ3+1, λ→ εαqǫ2−ǫ′2/√αα′, µ→ −√αα′qǫ2+ǫ′2−2σ3+1,
ν →
√
αα′qǫ2+ǫ
′
2−2ǫ3 gives rise to the assertions (111) and (112). With the special
choices α = ε, ǫ1 = ǫ4, ǫ2 = ǫ3 in the expression (110), equation (113) for k ≥ l
follows from the statements (111) and (112). In view of the last line in (114), use of
vˆk,r,l(ε; q
2ǫ1 , q2ǫ2 ; q2ǫ2 , q2ǫ1 ; q2σ3) in (111) leads to equation (113) in the case l > k.
To complete the proof of the proposition, equation (114) remains to be shown.
Since the statement (114) for ε = −1 is obtained from the case ε = 1 by means
of the replacements q2ǫ2 → −q2ǫ2 , q2ǫ4 → −q2ǫ4 , it is sufficient to derive equation
(114) for the choice ε = 1. If |q2(l+r+ǫ2+σ3)+1| < 1, the three-term transformation
formula [[11]:III.36] with a → −q2(k+ǫ4−σ3)+3, c → −q2(k+ǫ4−σ3)+1, d → q2, e →
q−4σ3+2, b → αq2(k−l+ǫ4−ǫ1+1), f → q−2(r+ǫ2−ǫ1)+2, or b → q−2(r+ǫ2−ǫ1)+2, f →
αq2(k−l+ǫ4−ǫ1+1) yields
(115) vk,r,l
(
α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3
)
= vˆk,r,l
(
α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3
)
=
8W7
(−q2(k+ǫ4−σ3)+3;αq2(k−l+ǫ4−ǫ1+1),−q2(k+ǫ4−σ3)+1, q−2(r+ǫ2−ǫ1)+2, q−4σ3+2, q2;
q2,−αq2(l+r+ǫ2+σ3)+1).
An evaluation of the 8W7-series by means of the contiguous relation [[17]:2.2] with
a → −q2(k+ǫ4−σ3)+3, b → −q2(k+ǫ4−σ3)+3, c → q2, d → αq2(k−l+ǫ4−ǫ1+1), e →
q−2(r+ǫ2−ǫ1)+2, f → q−4σ3+2 and the summation formula [[11]:II.20] with a →
−q2(k+ǫ4−σ3)+3, b → αq2(k−l+ǫ4−ǫ1+1), c → q−2(r+ǫ2−ǫ1)+2, f → q−4σ3+2 gives rise
to the lhs of (114), provided that |q2(l+r+ǫ2+σ3)−1| < 1. The contiguous relation
[[17]:2.2] with a → −q2(k+ǫ4−σ3)+3, b → αq2(k−l+ǫ4−ǫ1+2), c → q−2(r+ǫ2−ǫ1)+2,
d→ −q2(k+ǫ4−σ3)+1, e→ q−4σ3+2, f → q2 allows to extend the derivation of (114)
to the case 1 < |q2(l+r+ǫ2+σ3)−1| < q−2.
Combining the formula [[11]:III.36] with a→ −q−2(k+ǫ4+σ3)+3, b→ −q−2(k+ǫ4+σ3)+1,
c → q2(r+ǫ2−ǫ1+1), d → αq2(l−k+ǫ1−ǫ4+1), e → q−4σ3+2, f → q2 and the nontermi-
nating q-Saalschu¨tz formula [[11]:II.24] with a→ −q−2(k+ǫ4−σ3)+1, b→ −αq−2(l+ǫ1+σ3)+1,
c→ −αq−2(l+r+ǫ2−σ3)+1, e→ αq−2(k+l+r+ǫ1+ǫ3)+2, f → −αq−2(l+ǫ1−σ3)+3 leads to
an expression for vk,r,l(α; q
2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3) in the case |q−2(l+r+ǫ2+σ3)+1| <
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1. Alternatively, formula [[11]:III.36] with a→ −q−2(k+ǫ4+σ3)+3, b→ −q−2(k+ǫ4+σ3)+1,
c → αq2(l−k+ǫ4−ǫ1+1), d → q2(r+ǫ2−ǫ1+1), e → q−4σ3+2, f → q2 supplemented by
[[11]:II.24] with a→ −q−2(k+ǫ4−σ3)+1, b→ −q−2(k+r+ǫ3+σ3)+1, c→ −αq−2(l+r+ǫ2−σ3)+1,
e → αq−2(k+l+r+ǫ1+ǫ3)+2, f → −q−2(k+r+ǫ3−σ3)+3 yields the same expression for
vˆk,r,l(α; q
2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3). Both manipulations are summarized by
(116) vk,r,l
(
α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3
)
= vˆk,r,l
(
α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3
)
=(
1 + q2(k+ǫ4+σ3)+1
)(
1 + q−2(k+ǫ4+σ3)+3
)(
1 + q2(k+r+ǫ3−σ3)+1
)(
1 + αq−2(l+ǫ1−σ3)−1
)(
1 + q2(k+ǫ4−σ3)+3
)(
1 + q−2(k+ǫ4−σ3)+1
)(
1 + q2(k+r+ǫ3+σ3)−1
)(
1 + αq−2(l+ǫ1+σ3)+1
)
·8W7
(−q−2(k+ǫ4+σ3)+3;αq2(l−k+ǫ1−ǫ4+1),−q−2(k+ǫ4+σ3)+1, q2(r+ǫ2−ǫ1+1), q−4σ3+2, q2;
q2,−αq−2(l+r+ǫ2−σ3)+1)
+
(1− q2)θq2
(
q4σ3+2, q2(r+ǫ2−ǫ1+1)
)(
1− q4σ3)(1− q−2(r+ǫ2−ǫ1))(1 + q2(k+ǫ4−σ3)+3) ·(
αq2(l−k+ǫ1−ǫ4+1), αq2(k−l+ǫ4−ǫ1+1); q2
)
∞
θq2
(
αq2(k+l+ǫ2+ǫ4+1)
)(−q−2(k+ǫ4−σ3)+1,−q2(k+ǫ4+σ3)+3,−q2(k+r+ǫ3−σ3)+3,−q−2(k+r+ǫ3+σ3)+1; q2)
∞
·
1(−αq2(l+ǫ1−σ3)+3,−αq−2(l+ǫ1+σ3)+1,−αq−2(l+r+ǫ2−σ3)+1,−αq2(l+r+ǫ2+σ3)+1; q2)
∞
.
If |q−2(l+r+ǫ2−σ3)−1| < 1, evaluation of the 8W7-series using [[17]:2.2] with a →
−q−2(k+ǫ4+σ3)+3, b → −q−2(k+ǫ4+σ3)+3, c → q2, d → αq2(l−k+ǫ1−ǫ4+1), e →
q2(r+ǫ2−ǫ1+1), f → q−4σ3+2 and [[11]:II.20] with a→ −q−2(k+ǫ4+σ3)+3, b→ αq2(l−k+ǫ1−ǫ4+1),
c → q2(r+ǫ2−ǫ1+1), d → q−4σ3+2 and application of the relation (5) with x →
−qǫ3+ǫ4+1 λ → qǫ3−ǫ4−2σ3 , µ → −αqǫ1+ǫ2+1, ν → qǫ1−ǫ2−2σ3 leads to the lhs
of (114). The case 1 < |q−2(l+r+ǫ2−σ3)−1| < q−2 is included using the relation
[[17]:2.2] with a → −q−2(k+ǫ4+σ3)+3, b → αq2(l−k+ǫ1−ǫ4+2), c → q2(r+ǫ2−ǫ1+1),
d→ −q−2(k+ǫ4+σ3)+1, e→ q−4σ3+2, f → q2. This proves equation (114).
7. Generalized unitarity
The present section aims at the construction of operators inverting the ac-
tion of the intertwiner R(z˜
1
2 , z
1
2 ) in the case α = −α′. With respect to a given
pair (q2ǫ1 , q2ǫ2 , αq2σ3 , αq2σ4) and (q2ǫ
′
1 , q2ǫ
′
2 ,−αq2σ3 ,−αq2σ4), a particular 4-tuple
(q2ǫ
′
3 , q2ǫ
′
4 ,−q2σ3 ,−q2σ4) is attributed to a given 4-tuple (q2ǫ3 , q2ǫ4 , q2σ3 , q2σ4) to en-
able the subsequent application of Theorem 1 and Corollary 1-3 to the pair formed
by (q2ǫ3 , q2ǫ4 , q2σ3 , q2σ4) and (q2ǫ
′
3 , q2ǫ
′
4 ,−q2σ3 ,−q2σ4). In subsection 7.1, the param-
eters q2ǫ
′
3 and q2ǫ
′
4 are specified. To complete the preparations for the investigation
of two particular intertwiners in subsection 7.3, the results given by Corollary 1 and
3 for the combinations Ξ(r,k)± or Ξ(r,k) of the sums τ (r,k)± and τ ′(r,k)± or τ (r,k)
and τ ′(r,k) related to rk,k+r
∗
l,l+r∗ are supplemented by the corresponding statements for
the matrix elements r˚k,k+r
∗
l,l+r∗ defined by (104). Subsection 7.2 provides the results
(121) and (124) replacing Corollary 1 and 3 for this choice.
Two linear combinations r±
k,k+r∗
l,l+r∗ of the matrix elements r
k,k+r∗
l,l+r∗ and r˚
k,k+r∗
l,l+r∗ are
introduced in subsection 7.3 for α = α′ or α = −α′. In the special case z = α = ε,
ǫ1 = ǫ4, ǫ2 = ǫ3, q
2σ4 = εq2σ3 with ε = 1 or ε = −1, the matrix elements r±k,k+r
∗
l,l+r∗
are shown to obey the initial condition (128). An evaluation of the combination
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Ξ(r,k)± associated with the matrix elements r±
k,k+r∗
l,l+r∗ yields the expression (129).
For Ξ(r,k) with eiθ = αα′q2(s˜+ǫ
′
1+ǫ2)+1, the corresponding result is given by equation
(130). The derivation of (129) and (130) involves Corollary 1 and 2 as well as the
result (121) in subsection 7.2.
Definition 2 introduces the sums σ[±](r,m)± and σ[±](r,m) as the bilateral sum-
mations of the combinations Ξ(r,k)± and Ξ(r,k) associated with the matrix elements
r±
k,k+r∗
l,l+r∗ weighted by a factor r∓
m,m+r∗
k,k+r∗ in the case α = −α′. Here the factor
r∓
m,m+r∗
k,k+r∗ depends on a separate set of parameters related to the original set for
Ξ(r,k)± and Ξ(r,k) by inversion of the squared spectral parameter z, permutation of
the parameters q2ǫi and the replacement q2σ3 → αq2σ4 . The sums σ[±](r,m)± and
σ[±](r,m) allow for the search of an inverse action following the application of the in-
tertwiner R(z˜
1
2 , z
1
2 ). Proposition 3 specifying the evaluation of the sums σ[±](r,m)±
and σ[±](r,m) formulates the second main result of this article. Its proof relies on
the formulae (129) and (130) for the combinations Ξ(r,k)± and Ξ(r,k) and on the
equations (123) and (124) in subsection 7.2.
Referring to the vector-valued big q-Jacobi function transform pair associated
with the identifications in subsection 5.3, a pair of quadratic bilateral summation
formulae for the matrix elements r±
k,k+r∗
l,l+r∗ is obtained from Proposition 3. Ac-
cording to the latter result, the intertwiner associated with r∓
m,m+r∗
k,k+r∗ inverts the
action of the first intertwiner related to r±
k,k+r∗
l,l+r∗ , provided one or both intertwiners
are equipped with simple normalizations. The summation formulae specified by
Corollary 4 state the third main result of the publication.
7.1. Successive action of the intertwiner. Given a pair (q2ǫ1 , q2ǫ2) and (q2ǫ
′
1 , q2ǫ
′
2)
with ǫ2− ǫ1 = ǫ′2− ǫ′1, Corollary 2 in subsection 5.4 associates a tuple (q2ǫ
′
3 , q2ǫ
′
4) to
any tuple (q2ǫ3 , q2ǫ4) restricted by ǫ3 − ǫ4 = ǫ2− ǫ1. Its parameters are determined
by
(117) ǫ′3 + ǫ4 = ǫ
′
4 + ǫ3 = ǫ
′
1 + ǫ2 = ǫ
′
2 + ǫ1,
which implies
(118) ǫ3 + ǫ
′
3 = ǫ2 + ǫ
′
2 = ζ.
44 R.M. GADE
Referring to both (q2ǫ3 , q2ǫ4) and (q2ǫ
′
3 , q2ǫ
′
4) in a symmetric way, equation (92) in
Corollary 1 is reformulated by
τ̂ (r,k)+
(
z, αβ′;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ζ3 , q2ζ4 ;β′q2σ3 , β′q2σ4 ; cos θ
)
− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)+(z, α′β′;β, q2ζ ; q2ǫ′1 , q2ǫ′2 ; q2ζ3 , q2ζ4 ;β′q2σ3 , β′q2σ4 ; cos θ)]
= q2(ζ4−σ4)+1ι(q2σ3 )θq2
(
αα′q2(ǫ
′
2−ǫ2), αα′z−1q2(ǫ1+ǫ
′
2+1), q4σ4
)·
θq2
(−q2(ǫ3+σ3)+1,−αα′q2(ǫ′3+σ3)+1)
θq2
(−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1) ·(
zq2(ǫ1−ǫ2+1), q−2(ǫ2−ǫ1−σ3+σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2, q2; q2
)
∞(
q2(ǫ2−ǫ1+σ3+σ4+1), q2(ǫ2−ǫ1+σ3−σ4+1); q2
)
∞
·
u
(
q2ǫ2 , q2ǫ1 ; eiθ
)(
zqeiθ, zqe−iθ; q2
)
∞
·
(−1)ra+−r
(
q2ζ3 , q2ζ4 ;β′q2σ3 ; cos θ
)
ρ
(−r)+
k+r
(
q2ζ3 , β′q2σ3 ; q2ζ4 , β′q2σ4 ; cos θ
)
for (ζ3, ζ4, β
′) = (ǫ3, ǫ4, 1) or (ζ3, ζ4, β
′) = (ǫ′3, ǫ
′
4, αα
′). Thus for α′ = −α, Corol-
lary 1 can be applied in context with the subsequent action of the intertwiners
R(z−
1
2 , α˜z−
1
2 ) :W
(ζ4,β
′q2σ4 )
β′z−
1
2
⊗W (ζ3,β′q2σ3 )∗
β′z
1
2
→W (ǫ5,α˜q2σ3 )
α˜z
1
2
⊗W (ǫ6,α˜q2σ4 )∗
α˜z−
1
2
.
The present section addresses the existence of inverse intertwiners. Therefore
W
(ǫ5,α˜q
2σ3 )
α˜z
1
2
⊗W (ǫ6,α˜q2σ4 )∗
α˜z−
1
2
is specialized to the initial tensor products of the previous
section given byW
(ǫ1,q
2σ1 )
z˜
1
2
⊗W (ǫ2,q2σ2 )∗
z˜−
1
2
. A description of the successive application
of the intertwiners is provided in terms of the sums introduced by the Definition 2 in
subsection 7.3. For the second choice W
(ǫ′1,αα
′q2σ1 )
αα′z˜
1
2
⊗W (ǫ′2,αα′q2σ2 )∗
αα′z˜−
1
2
, all statements
are obtained from the results for the first choice by means of obvious parameter
replacements and adjustment of simple prefactors.
To facilitate notation, the abbreviations
γ(q2σ3) =
θq2
(−q2(ǫ3+σ3)+1,−αα′q2(ǫ′3+σ3)+1)
θq2
(−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1) ,
δ(q2σ4 ) =
θq2
(−αq2(ǫ2+σ4)+1,−α′q2(ǫ′2+σ4)+1)
θq2
(−q2(ǫ4+σ4)+1,−αα′q2(ǫ′4+σ4)+1) ,
Hθ =
(
γ(q2σ3)γ(q−2σ3)δ(q2σ4 )δ(q−2σ4)
)−1
and
c = q2(ǫ2+ǫ4+1)·
θq2
(
αα′q2(ǫ
′
2−ǫ2), αα′z−1q2(ǫ
′
1+ǫ2+1), αα′q2(ǫ
′
3−ǫ3), αα′zq2(ǫ
′
3+ǫ4+1)
)
are introduced.
Throughout this section, the cases αq2(ǫi−σi+2) = −q2t+1 or α′q2(ǫ′i−σi+2) =
−q2t′+1 with i = 1, 2 and t, t′ ∈ Z are excluded.
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7.2. The sums ˚̂τ
(r,k)±
(q2ζ , q2ǫ2) and ˚̂τ
(r,k)
(q2ζ , q2ǫ2). The sums associated with
the choice
R
k,k+r∗
l,l+r∗ = r˚
k,k+r∗
l,l+r∗ ≡ r˚k,k+r
∗
l,l+r∗
(
z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
rk+r,k
∗
l+r,l∗
(
z, α;β, q2(ǫ1+ǫ
′
1); q2ǫ2 , q2ǫ1 ; q2ǫ4 , q2ǫ3 ; q2σ4 , q2σ3
)
in Definition 1 (equations (54) and (55) in subsection 5.2) will be denoted by
˚̂τ
(r,k)±
(q2ζ , q2ǫ2) ≡ ˚̂τ (r,k)±(z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; cos θ),
˚̂τ
(r,k)
(q2ζ , q2ǫ2) ≡ ˚̂τ (r,k)(z, x, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ).
A second set of parameters gives rise to the sums
˚̂τ
′(r,k)±(
q2ζ , q2ǫ
′
2) ≡ ˚̂τ (r,k)±(z, α′;β, q2ζ ; q2ǫ′1 , q2ǫ′2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; cos θ),
˚̂τ
′(r,k)(
q2ζ , q2ǫ
′
2
) ≡ ˚̂τ (r,k)(z, x′, α′;β, q2ζ ; q2ǫ′1 , q2ǫ′2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ),
where ǫ′2 − ǫ′1 = ǫ2 − ǫ1. If
q2(ǫ2−ǫ1±σ3−σ4) 6= q2t1 , t1 ∈ Z\0, q2(ǫ2−ǫ1±σ3+σ4) 6= q2t2 , t2 ∈ Z,
|zqeiθ| < 1,
|zqe−iθ| < 1 for eiθ /∈ Γ+
(119)
with Γ± defined by (58), the sums ˚̂τ
(r,k)+
(q2ζ , q2ǫ2) and ˚̂τ
′(r,k)+
(q2ζ , q2ǫ
′
2) are well-
defined and absolutely convergent. For ˚̂τ
(r,k)−
(q2ζ , q2ǫ2) and ˚̂τ
′(r,k)−
(q2ζ , q2ǫ
′
2), the
corresponding conditions are obtained by the replacements q2σ3 → q−2σ3 and Γ+ →
Γ−.
The sums ˚̂τ
(r,k)
(q2ζ , q2ǫ2) are well-defined and absolutely convergent if
q2(ǫ2−ǫ1+σ3±σ4) 6= q2t1 , q2(ǫ2−ǫ1−σ3±σ4) 6= q2t2 , t1, t2 ∈ Z,
|zqeiθ| < 1.
(120)
All sign choices in (119) and (120) are independent.
The sums ˚̂τ
(r,k)+
(q2ζ , q2ǫ2) and ˚̂τ
′(r,k)+
(q2ζ , q2ǫ
′
2) are related by
(121) ˚̂τ
(r,k)+
(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)˚τ̂ ′(r,k)+(q2ζ , q2ǫ′2) =
q2(ǫ3−σ3)+1ι(q2σ4)θq2
(
αα′q2(ǫ
′
1−ǫ1), αα′z−1q2(ǫ1+ǫ
′
2+1), q4σ3
)(zq2(ǫ2−ǫ1+1), q2; q2)
∞(
zqeiθ, zqe−iθ; q2
)
∞
·{(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ, q2(ǫ2−ǫ1−σ3+σ4+1); q2
)
∞
θq2
(
q2(ǫ2−ǫ1+σ3+σ4+1)
)
θq2
(
q4σ4+2
)(
q2(ǫ2−ǫ1+σ3−σ4+1); q2
)
∞
δ(q2σ4)
·
a+r
(
q2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ
)
ρ
(r)+
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ
)
+
(
q2(σ3+σ4)+1eiθ, q2(σ3+σ4)+1e−iθ, q2(ǫ2−ǫ1−σ3−σ4+1); q2
)
∞
θq2
(
q2(ǫ2−ǫ1+σ3−σ4+1)
)
θ(q−4σ4+2)
(
q2(ǫ2−ǫ1+σ3+σ4+1); q2
)
∞
δ(q−2σ4)
·
a−r
(
q2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ
)
ρ
(r)−
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ
)}
.
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Since
r˚k,k+r
∗
l,l+r∗ (z, α;β, q
2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q−2σ3 , q2σ4) =
− r˚k,k+r∗l,l+r∗ (z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4)
according to (87), the replacements σ1 → −σ1, σ3 → −σ3 on the rhs of (121) and
multiplication by−1 yield an expression for ˚̂τ (r,k)−(q2ζ , q2ǫ2)−αα′q2(ǫ′2−ǫ2)˚τ̂ ′(r,k)−(q2ζ , q2ǫ′2).
Writing r˚k,k+r
∗
l,l+r∗ in terms of R
k,k+r∗
l,l+r and Rˇ
k,k+r∗
l,l+r∗ by means of (21) and the same
relation with q2σ3 → q−2σ3 , the lhs of (121) can be evaluated making use of Theorem
1 (equation (76)) and the same result with q2σ4 replaced by q−2σ4 . The prefactor of
ρ
(−r)+
k+r (q
2ǫ3 , q2σ3 ; q2ǫ4 , q2σ4 ; cos θ) can be simplified employing relation (5) with x→
zq2, λ → q2(σ4−σ3), µ → q2(ǫ2−ǫ1), ν → q2(σ3+σ4). Use of the expansion (50) with
l→ k, ǫ1 → ǫ4, ǫ2 → ǫ3, q2σ1 → q2σ4 , q2σ2 → q2σ3 allows to express the lhs of (121)
as a linear combination of a+r (q
2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ)ρ
(r)+
k (q
2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ)
and a−r (q
2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ)ρ
(r)−
k (q
2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ). Then application of
[[11]:ex.5.23] with n→ 4, a1a2 → q4σ3+2, a1a3 → q−2(ǫ2−ǫ1−σ3±σ4), a1a4 → −αα′z−1q2(ǫ
′
4+σ3)+1,
a1
b1
→ −q−2(ǫ3−σ3)+1, a1b2 → z−1q2(σ3∓σ4),
a1
b3
→ −αq2(ǫ1+σ3)+1, a1b4 → −α′q2(ǫ
′
1+σ3)+1
to simplify the coefficients yields the rhs of equation (121).
For eiθ ∈ Γq−2(r+ǫ2−ǫ1)+1 , equation (51) yields
(122) u
(
q2ǫ2 , q2ǫ1 ; eiθ
)·
(−1)rθq2
(
q4σ3+2
)√(
q2(s′−r), q4(ǫ1−ǫ2)−2(s′+r−1); q2
)
r−s′
ς
(−r)
l+r
(
q2ǫ2 , αq2σ4 ; q2ǫ1 , αq2σ3 ; q2(s
′+ǫ2−ǫ1)−1
)
= q2(ǫ2−ǫ1−σ3+σ4)q2r(ǫ1+ǫ2+1)q−4r(s
′+ǫ2−ǫ1)+2(2r−s
′)θq2
(
q4σ4+2, q4(ǫ2−ǫ1)+2s
′)·√(
q2, q4(ǫ2−ǫ1+s′); q2
)
r−s′
ς
(r)
l
(
q2ǫ1 , αq2σ3 ; q2ǫ2 , αq2σ4 ; q2(s
′+ǫ2−ǫ1)−1
)
.
Making use of the relation (122) with l → k, ǫ1 → ǫ4, ǫ2 → ǫ3, q2σ3 ↔ αq2σ4 ,
eiθ → q2(s′+ǫ2−ǫ1)−1, equation (97) in Corollary 3 is rewritten by
(123) τ̂ (r,k)(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)(q2ζ , q2ǫ′2)
∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
=
− αq2ǫ4+1 · q2(ǫ2−ǫ1+σ3−σ4)ι(q2σ3 )θq2
(
αα′q2(ǫ
′
2−ǫ2), αα′z−1q2(ǫ
′
1+ǫ2+1), q4σ4+2
)
θq2
(
q4σ3+2
) ·
θq2
(−q2(ǫ4+σ4)+1,−q2(ǫ4−σ4)+1,−αα′q2(ǫ′4+σ4)+1,−αα′q2(ǫ′4−σ4)+1)
θq2
(−αq2(ǫ1+σ3)+1,−αq2(ǫ1−σ3)+1,−α′q2(ǫ′1+σ3)+1,−α′q2(ǫ′1−σ3)+1) ·
(αz)s
′
(
zq2(ǫ1−ǫ2+1); q2
)
−s′(
z−1q2(ǫ1−ǫ2+1); q2
)
−s′
(q2; q2)∞(
zq2(ǫ2−ǫ1); q2
)
∞
B˘·
ar
(
α; q2ǫ4 , q2ǫ3 ; q2σ4 ; q2(s
′+ǫ3−ǫ4)−1
)
ς
(r)
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; q2(s
′+ǫ3−ǫ4)−1
)
.
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Here the abbreviation B˘ specified by (98) has been employed. Use of relation (122)
followed by (100) with k→ l, ǫ3 → ǫ2, ǫ4 → ǫ1, q2σ3 → q2σ2 , q2σ4 → q2σ1 gives
ar
(
α; q2ǫ1 , q2ǫ2 ; q2σ1 ; q2(s
′+ǫ2−ǫ1)−1
)
ς
(r)
l
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; q2(s
′+ǫ2−ǫ1)−1
)
= −(−α)s′−1q2s′σ2+2σ1θq2
(
q4σ1+2
)(
q2, q4(ǫ2−ǫ1+s
′); q2
)
∞
·(
q−2(ǫ2−ǫ1+σ1−σ2)+2, q−2(ǫ2−ǫ1−σ1−σ2)+2; q2
)
−s′
·
a+−r
(
q2ǫ2 , q2ǫ1 ; q2σ2 ; cos θ
)
ρ
(−r)+
l+r
(
q2ǫ2 , q2σ2 ; q2ǫ1 , q2σ1 ; cos θ
)∣∣∣
eiθ=q−2(−s+ǫ1−ǫ2)−1
.
Thus Corollary 1 for eiθ ∈ Γq2(r+ǫ2−ǫ1)+1 with the replacements r → −r, k → k+ r,
ǫ1 ↔ ǫ2, ǫ′1 ↔ ǫ′2, ǫ3 ↔ ǫ4, ǫ′3 ↔ ǫ′4, q2σ3 → q−2σ4 , q2σ4 → q2σ3 accounts for the
evaluation of the linear combination ˚̂τ
(r,k)
(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)˚τ̂ ′(r,k)(q2ζ , q2ǫ′2).
With these substitutions, equation (92) implies
(124) ˚̂τ
(r,k)
(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)˚τ̂ ′(r,k)(q2ζ , q2ǫ′2)
∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
= 0.
7.3. Inverse Intertwiners. For a pair of particular combinations of rk,k+r
∗
l,l+r∗ and
r˚k,k+r
∗
l,l+r∗ , the intertwiner giving rise to the inverse action in the case α = −α′ can be
specified in terms of simple parameter replacements. The linear combinations are
given by the choices
(125) Rk,k+r
∗
l,l+r∗ = r±
k,k+r∗
l,l+r∗ ≡ r±k,k+r
∗
l,l+r∗
(
z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
rk,k+r
∗
l,l+r∗
(
z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
+ r˚k,k+r
∗
l,l+r∗
(
z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)·
q2(ǫ2−ǫ1)ι(q2σ3 )ι(q2σ4 )E[±]
2θq2
(
zq2(ǫ2−ǫ1), q4σ3 , q4σ3+2
)(
zq2(ǫ2−ǫ1+1), z−1q2(ǫ2−ǫ1); q2
)
∞
,
where
E[±] = −zF±z
√
F 2 − 4q−4(σ3+σ4)H−1θ θq2
(
zq2(ǫ1−ǫ2+1), z−1q2(ǫ1−ǫ2), q4σ3 , q4σ4
)2
and
(126) F ≡ F (z) = θq2
(
zq2(σ3+σ4+1), z−1q2(σ3+σ4)
)·[
γ(q2σ3)δ(q−2σ4 )θq2
(
q2(ǫ2−ǫ1−σ3+σ4), q2(ǫ2−ǫ1−σ3+σ4+1)
)
+ γ(q−2σ3)δ(q2σ4 )θq2
(
q2(ǫ2−ǫ1+σ3−σ4), q2(ǫ2−ǫ1+σ3−σ4+1)
)]
− idem(q2σ4 , q−2σ4).
For z = α = ε, ǫ1 = ǫ4, ǫ2 = ǫ3, q
2σ3 = εq2σ4 with ε = 1 or ε = −1, the solution
r±
k,k+r∗
l,l+r∗ satisfies an initial condition. At z = ε, q
2σ4 = εq2σ3 , the expression (125)
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reduces to
r+
k,k+r∗
l,l+r∗
(
ε, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , εq2σ3
)
={
rk,k+r
∗
l,l+r∗ − εq2(ǫ2−ǫ1)ι(q2σ3 )ι(q2σ4 )γ(q2σ3 )δ(εq−2σ3)
(
εq2(ǫ1−ǫ2); q2
)
∞(
εq2(ǫ2−ǫ1); q2
)
∞
·
r˚k,k+r
∗
l,l+r∗
}∣∣∣∣
z=ε,q2σ4=εq2σ3
,
r−
k,k+r∗
l,l+r∗
(
ε, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , εq2σ3
)
={
rk,k+r
∗
l,l+r∗ − εq2(ǫ2−ǫ1)ι(q2σ3)ι(q2σ4 )γ(q−2σ3)δ(εq2σ3)
(
εq2(ǫ1−ǫ2); q2
)
∞(
εq2(ǫ2−ǫ1); q2
)
∞
·
r˚k,k+r
∗
l,l+r∗
}∣∣∣∣
z=ε,q2σ4=εq2σ3
.
(127)
Application of (5) with x→ −ε√αα′qǫ4+ǫ′4+2σ3+1, λ→ √αα′qǫ′4−ǫ4 , µ→ −ε√αα′qǫ1+ǫ′1−2σ3+1,
ν → εαqǫ1−ǫ′1/√αα′ gives
r−
k,k+r∗
l,l+r∗
(
ε, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , εq2σ3
)
=
q2(ǫ4+σ3)+1
θq2
(−αq2(ǫ1−σ3)+1,−α′q2(ǫ′1−σ3)+1,−εq2(ǫ4+σ3)+1,−εαα′q2(ǫ′4+σ3)+1) ·{
rk,k+r
∗
l,l+r∗ · εθq2
(
εαq2(ǫ1−ǫ4), εα′q2(ǫ
′
1−ǫ4), αα′q2(ǫ1+ǫ
′
1+1), q4σ3+2
)
+
q2(ǫ2−ǫ1)ι(q2σ3 ) r¯k,k+r
∗
l,l+r∗
θq2
(−εq2(ǫ4+σ3)+1,−q2(ǫ3+σ3)+1, q4σ3+2)(εq2(ǫ2−ǫ1); q2)
∞
}∣∣∣∣
z=ε,q2σ4=εq2σ3
with r¯k,k+r
∗
l,l+r∗ defined by (105). Making use of Proposition 1 and 2 in section 6, spe-
cialization to α = ε, ǫ1 = ǫ4, ǫ2 = ǫ3 or to α
′ = ε, ǫ′1 = ǫ4, ǫ
′
2 = ǫ3 and comparison
of the prefactors of r˚k,k+r
∗
l,l+r∗ on both rhs of (127) yields the initial conditions
(128) r±
k,k+r∗
l,l+r∗
(
ε, ε; εα′, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ2 , q2ǫ1 ; q2σ3 , εq2σ3
)
=
δl,k · εkq2ǫ2+1ι(q2σ3)θq2
(
α′q2(ǫ
′
1+ǫ2+1), εα′q2(ǫ
′
1−ǫ1)
)(
εq2(ǫ1−ǫ2+1), q2; q2
)
∞
·{
q−2σ3γ(q2σ3)θq2
(
εq2(ǫ2−ǫ1−2σ3+1)
)−q2σ3γ(q−2σ3)θq2(εq2(ǫ2−ǫ1+2σ3+1))}∣∣∣ α=ε
ǫ1=ǫ4,ǫ2=ǫ3
,
r±
k,k+r∗
l,l+r∗
(
ε, α; εα, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ
′
2 , q2ǫ
′
1 ; q2σ3 , εq2σ3
)
= 0.
The sums attributed to the choice (125) by Definition 1 will be denoted by
τ [±](r,k)±
(
q2ζ , q2ǫ2
) ≡ τ [±](r,k)±(z, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; cos θ),
τ [±](r,k)
(
q2ζ , q2ǫ2
) ≡ τ [±](r,k)(z, x, α;β, q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ).
A second set of sums τ ′[±](r,k)±(q2ζ , q2ǫ2) and τ ′[±](r,k)(q2ζ , q2ǫ2) is obtained by
the substitutions α ↔ α′, x → x′, ǫ1 → ǫ′1, ǫ2 → ǫ′2. Rewriting the last line of
equation (92) in Corollary 1 by means of the relation (50) with l → k, ǫ1 → ǫ4,
ǫ2 → ǫ3, q2σ1 → q2σ4 , q2σ2 → q2σ3 and making use of equation (121) gives rise to
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the evaluation
(129) τ [±](r,k)±(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ ′[±](r,k)±(q2ζ , q2ǫ′2) =
− qι(q2σ3 )θq2
(
αα′q2(ǫ
′
1−ǫ1), αα′z−1q2(ǫ
′
1+ǫ2+1)
)(q2, zq2(ǫ1−ǫ2+1); q2)
∞(
zqeiθ, zqe−iθ; q2
)
∞
·{(
q±2σ3−2σ4+1eiθ, q±2σ3−2σ4+1e−iθ, q2(ǫ2−ǫ1∓σ3+σ4+1); q2
)
∞(
q2(ǫ2−ǫ1±σ3−σ4+1); q2
)
∞
·[
γ(q±2σ3)q2(ǫ4+σ4)θq2
(
q2(ǫ2−ǫ1∓σ3−σ4)
)∓ E[±]q2(ǫ2−ǫ1+ǫ3∓σ3)·
θq2
(
q2(ǫ2−ǫ1±σ3+σ4+1)
)
2δ(q2σ4)θq2
(
zq2(ǫ2−ǫ1), z−1q2(ǫ2−ǫ1), q±4σ3+2, q4σ4+2
)]·
a+r
(
q2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ
)
ρ
(r)+
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ
)
−
(
q2(σ4±σ3)+1eiθ, q2(σ4±σ3)+1e−iθ, q2(ǫ2−ǫ1∓σ3−σ4+1); q2
)
∞(
q2(ǫ2−ǫ1±σ3+σ4+1); q2
)
∞
·[
γ(q±2σ3)q2(ǫ4−σ4)θq2
(
q2(ǫ2−ǫ1∓σ3+σ4)
)± E[±]q2(ǫ2−ǫ1+ǫ3∓σ3)·
θq2
(
q2(ǫ2−ǫ1±σ3−σ4+1)
)
2δ(q−2σ4)θq2
(
zq2(ǫ2−ǫ1), z−1q2(ǫ2−ǫ1), q±4σ3+2, q4σ4
)]·
a−r
(
q2ǫ4 , q2ǫ3 ; q2σ4 ; cos θ
)
ρ
(r)−
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; cos θ
)}
.
Equation (129) and the decomposition (96) with the specifications τ (r,k) → τ [±](r,k)(q2ζ , q2ǫ2)
and τ (r,k)± → τ [±](r,k)±(q2ζ , q2ǫ2) lead to the corresponding result for τ [±](r,k)(q2ζ , q2ǫ2),
provided that the condition max
(|zqeiθ|, |zqe−iθ|) < 1 is satisfied. Making use of the
equations (129) in the decomposition (96), the relation (5) with x→ −iαα′qǫ′1+ǫ2+ǫ′3+σ4+ 32 ,
λ → iqǫ′1+ǫ2−ǫ′3−2σ3+σ4+ 12 , µ → iqǫ2−ǫ1+ǫ3−σ4+ 12 , ν → iqǫ4+2σ3+σ4+ 12 and with
x → √−αqǫ2−2σ3+σ4+ 32 , λ → q−ǫ2+σ4− 12 /√−α, µ → √−αqǫ2+2σ3+σ4+ 32 , ν →
qǫ2−2ǫ1+σ4+
1
2 /
√−α allows to simplify the prefactor of ρ(r)+k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ;αα′q2(s˜+ǫ3+ǫ
′
4)+1).
The replacement q2σ4 → q−2σ4 yields the corresponding choices for the prefactors
of ρ
(r)−
k (q
2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ;αα′q2(s˜+ǫ3+ǫ
′
4)+1). Writing
θq2
(−αα′q2(ǫ′4±σ4)+1) =
(αα′)s˜qs˜
2+2s˜(ǫ′2±σ4)θq2
(−q2(ǫ3∓σ4+1)e−iθ)∣∣∣
eiθ=αα′q2(s˜+ǫ3+ǫ
′
4
)+1
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and using the relation (35) with l → k, ǫ1 → ǫ4, ǫ2 → ǫ3, q2σ3 ↔ αq2σ4 and the
property (52) leads to
(130) τ [±](r,k)(q2ζ , q2ǫ2)− αα′q2(ǫ′2−ǫ2)τ ′[±](r,k)(q2ζ , q2ǫ′2)
∣∣∣
eiθ=αα′q2(s˜+ǫ
′
1
+ǫ2)+1
=
− q2ǫ3+1ι(q2σ3 )θq2
(
αα′q2(ǫ
′
2−ǫ2), αα′z−1q2(ǫ
′
1+ǫ2+1)
)w0(xα; q2ǫ4 , q2ǫ3 ; eiθ0)
w0
(
x; q2ǫ1 , q2ǫ2 ; eiθ0
) ·(
q2, zq2(ǫ1−ǫ2+1); q2
)
∞(
zqeiθ, zqe−iθ; q2
)
∞
{
q2σ3+2s˜(ǫ2−ǫ1)θq2
(
q4σ3+2, q2(ǫ2−ǫ1)+1eiθ
)
− E[±]q−2σ4−2s˜(ǫ2−ǫ1)
θq2
(
q2(ǫ2−ǫ1)+1e−iθ
)
2θq2
(
q4σ4+2, zq2(ǫ2−ǫ1)z−1q2(ǫ2−ǫ1)
)}
ar
(
xα; q2ǫ4 , q2ǫ3 ; eiθ
)
ς
(r)
k
(
q2ǫ4 , q2σ4 ; q2ǫ3 , q2σ3 ; eiθ
)∣∣∣
eiθ=αα′q2(s˜+ǫ3+ǫ
′
4)+1
in the case |zqe±iθ| < 1. Alternatively, the expression (130) is obtained from
Corollary 2. Transformation of the last line of (93) by means of (51) with l → k,
ǫ1 → ǫ4, ǫ2 → ǫ3, q2σ1 → q2σ4 , q2σ2 → q2σ3 and evaluation of ˚̂τ
(r,k)
(q2ζ , q2ǫ2) −
αα′q2(ǫ
′
2−ǫ2)˚τ̂
′(r,k)
(q2ζ , q2ǫ
′
2) employing the relation (51) followed by application of
Corollary 2 with r → −r, k → k + r, ǫ1 ↔ ǫ2, ǫ′1 ↔ ǫ′2, ǫ3 ↔ ǫ4, q2σ3 ↔ q2σ4 yields
(130) in the case |zqeiθ| < 1.
Use of relation (5) with x → q2(ǫ2−ǫ1)+1, λ → zq, µ → q2(σ3+σ4)+1, ν →
q2(σ3−σ4)+1 in the expression (126) for F to eliminate the factor θq2
(
zq2(σ3+σ4+1), z−1q2(σ3+σ4)
)
leads to
(131) F =
θq2
(
zq2(ǫ2−ǫ1+1), z−1q2(ǫ2−ǫ1), q4σ3+2, q4σ4
)
θq2
(
q2(ǫ2−ǫ1+σ3−σ4+1), q2(ǫ2−ǫ1−σ3+σ4)
) ·{
γ(q2σ3)δ(q−2σ4 )θq2
(
q2(ǫ2−ǫ1−σ3+σ4), q2(ǫ2−ǫ1−σ3+σ4+1)
)
+ γ(q−2σ3)δ(q2σ4 )θq2
(
q2(ǫ2−ǫ1+σ3−σ4), q2(ǫ2−ǫ1+σ3−σ4+1)
)}
+ B˘C˘
θq2
(
zq2(σ3−σ4+1), z−1q2(σ3−σ4)
)
θq2
(
q2(ǫ2−ǫ1+σ3−σ4+1), q2(ǫ2−ǫ1−σ3+σ4+1)
)
with B˘ given by equation (98) in subsection 5.4 and
(132) C˘ = q−2(ǫ2−ǫ1−σ4)·{
γ(q2σ3)θq2
(
q2(ǫ2−ǫ1−σ3+σ4+1), q2(ǫ2−ǫ1−σ3−σ4)
)− idem(σ3,−σ3)}.
Definition 2. The vector-valued functions
(133) σ[±](r,m) ≡
σ[±](r,m)+σ[±](r,m)−
σ[±](r,m)

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are defined by
(134) σ[±](r,m) ≡ σ[±](r,m)(z, α, α′; q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4 ; eiθ) =
∞∑
k=−∞
r∓
m,m+r∗
k,k+r∗
(
z−1, α;β, q2ζ ; q2ǫ4 , q2ǫ3 ; q2ǫ2 , q2ǫ1 ;αq2σ4 , αq2σ3
)·[
τ
[±](r,k)
(
q2ζ , q2ǫ2
)− αα′q2(ǫ′2−ǫ2)τ ′[±](r,k)(q2ζ , q2ǫ′2)],
where
(135) τ [±](r,k)
(
q2ζ , q2ǫ2
)
=
τ [±](r,k)+(q2ζ , q2ǫ2)τ [±](r,k)−(q2ζ , q2ǫ2)
τ [±](r,k)
(
q2ζ , q2ǫ2
)

and τ ′[±](r,k)(q2ζ , q2ǫ
′
2) is given by the rhs of (135) with the replacements α ↔ α′,
x→ x′, ǫ1 → ǫ′1, ǫ2 → ǫ′2.
The lowest component of σ[±](r,m) is considered for eiθ ∈ Γ˜ ∪ Γq−2(r+ǫ2−ǫ1)+1 .
Both sets Γ˜ and Γa are introduced in subsection 5.4 by (58) and (61). Besides
σ
[±](r,m), the following result involves the functions
σ
′[±](r,m) = σ[±](r,m)
(
z, α′, α; q2ζ ; q2ǫ1 , q2ǫ2 ; q2ǫ
′
3 , q2ǫ
′
4 ;αα′q2σ3 , αα′q2σ4 ; eiθ
)
.
The components σ[±](r,m)+ and σ′[±](r,m)+ are well-defined and absolutely con-
vergent if
q2(ǫ2−ǫ1+σ3±σ4) 6= q2t1 , q2(ǫ2−ǫ1−σ3±σ4) 6= q2t2 , t1, t2 ∈ Z,
max
(|zqeiθ|, |z−1qeiθ|) < 1,
max
(|zqe−iθ|, |z−1qe−iθ|) < 1 if eiθ /∈ Γ+(136)
with Γ± defined by (58). For σ[±](r,m)− and σ′[±](r,m)−, the replacement Γ+ →
Γ− gives rise to the corresponding conditions. The lowest component σ[±](r,m) or
σ′[±](r,m) is well-defined and absolutely convergent if
q2(ǫ2−ǫ1+σ3±σ4) 6= q2t1 , q2(ǫ2−ǫ1−σ3±σ4) 6= q2t2 , t1, t2 ∈ Z,
max
(|zqeiθ|, |z−1qeiθ|) < 1.(137)
All sign choices in (136) and (137) are independent.
Proposition 3. The vector-valued sums σ[±](r,m) and σ′[±](r,m) with α = −α′ and
the property (136) or (137) are related by
(138)
σ
[±](r,m)−σ′[±](r,m) = cB˜C˜q4(ǫ2−ǫ1) (q
2, q2; q2)∞(
zq2(ǫ2−ǫ1), z−1q2(ǫ2−ǫ1); q2
)
∞
a+r ρ
(r)+
m
a−r ρ
(r)−
m
arς
(r)
m

with B˜ = ι(q2σ3 )B˘ and C˜ = ι(q2σ4 )B˘.
Proof : For the upper two components, insertion of the expression (129) for
the bracket on the rhs of (134) allows to perform the k-summation employing the
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evaluation (129) with the replacements k → m, z → z−1, ǫ1 ↔ ǫ4, ǫ2 ↔ ǫ3, ǫ′1 ↔ ǫ′4,
ǫ′2 ↔ ǫ′3, q2σ3 ↔ αq2σ4 . The contributions to the prefactor of a∓r ρ(r)∓m cancel leaving
(139) σ[±](r,m)± − σ′[±](r,m)± = q2(ǫ2+ǫ4+1)ι(q2σ3 )ι(q2σ4 )(q2, q2; q2)∞·
θq2
(
αα′q2(ǫ
′
2−ǫ2), αα′z−1q2(ǫ
′
1+ǫ2+1), αα′q2(ǫ
′
3−ǫ3), αα′zq2(ǫ
′
3+ǫ4+1)
)
θq2
(
zqeiθ, zqe−iθ
) ·[
zF q2(ǫ2−ǫ1)
θq2
(
q4σ3+2, q4σ4+2)
)(
zq2(ǫ2−ǫ1), z−1q2(ǫ2−ǫ1); q2
)
∞
·{
θq2
(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ, q2(ǫ2−ǫ1−σ3−σ4), q2(ǫ2−ǫ1+σ3+σ4+1)
)
− q−4σ4θq2
(
q2(σ3+σ4)+1eiθ, q2(σ3+σ4)+1e−iθ, q2(ǫ2−ǫ1−σ3+σ4), q2(ǫ2−ǫ1+σ3−σ4+1)
)}
− (zq2(ǫ1−ǫ2+1), z−1q2(ǫ1−ǫ2+1); q2)
∞
(
A+ −A−)]·
a±r
(
q2ǫ1 , q2ǫ2 ; q2σ1 ; cos θ
)
ρ(r)±m
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; cos θ
)
,
where
(140) A+ ≡ A+(q2σ3 ) = θq2
(−q2(ǫ3+σ3)+1,−αα′q2(ǫ′3+σ3)+1)
θq2
(−αq2(ǫ1+σ3)+1,−α′q2(ǫ′1+σ3)+1) ·{
δ(q2σ4)θq2
(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ, q2(ǫ2−ǫ1−σ3−σ4), q2(ǫ2−ǫ1−σ3−σ4+1)
)
− idem(σ4,−σ4)
}
and A− ≡ A−(q2σ3) = A+(q−2σ3). Evaluation of the first braces in (139) by means
of (5) with x→ q2(σ3−σ4)+1, λ→ eiθ, µ→ q2(ǫ2−ǫ1)+1, ν → q2(σ3+σ4)+1 yields
(141) θq2
(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ, q4σ3+2, q4σ4+2
)
.
Relation (5) with x→ q2(σ3−σ4)+1, λ→ eiθ, µ→ q2(ǫ2−ǫ1)+1, ν → zq reads
(142) θq2
(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ, zq2(ǫ2−ǫ1+1), z−1q2(ǫ2−ǫ1)
)
=
θq2
(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ, zq2(σ3−σ4+1), z−1q2(σ3−σ4)
)
− z−1q2(ǫ2−ǫ1)θq2
(
zqeiθ, zqe−iθ, q2(ǫ2−ǫ1+σ3−σ4+1), q2(ǫ2−ǫ1−σ3+σ4+1)
)
.
Equation (142) and the same relation with σ4 → −σ4 allow to eliminate the factors
θq2
(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ
)
and θq2
(
q2(σ3+σ4)+1eiθ, q2(σ3+σ4)+1e−iθ
)
from
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the rhs of (140) to obtain
A+ =
θq2
(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ
)
θq2
(
zq2(ǫ2−ǫ1+1), z−1q2(ǫ2−ǫ1)
) γ(q2σ3)·{
δ(q2σ4 )θq2
(
zq2(σ3−σ4+1), z−1q2(σ3−σ4), q2(ǫ2−ǫ1−σ3−σ4), q2(ǫ2−ǫ1−σ3−σ4+1)
)
− idem (σ4;−σ4)
}
+
θq2
(
zqeiθ, zqe−iθ, q2(ǫ2−ǫ1−σ3+σ4+1), q2(ǫ2−ǫ1−σ3−σ4+1)
)
θq2
(
zq2(ǫ2−ǫ1+1), z−1q2(ǫ2−ǫ1+1)
) γ(q2σ3)·{
δ(q2σ4)θq2
(
q2(ǫ2−ǫ1−σ3−σ4), q2(ǫ2−ǫ1+σ3−σ4+1)
)− idem (σ4;−σ4)}.
Replacing σ3 by −σ3 on the rhs yields the corresponding expression for A−. Then
the difference is given by
(143) A+ −A− = −F θq2
(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1e−iθ
)
θq2
(
zq2(ǫ2−ǫ1+1), z−1q2(ǫ2−ǫ1)
)
− B˘C˘ θq2
(
zqeiθ, zqe−iθ
)
θq2
(
zq2(ǫ2−ǫ1+1), z−1q2(ǫ2−ǫ1+1)
) .
Upon insertion into the rhs of equation (139), the first part cancels the contribution
by (141). The second part gives rise to the rhs of (138) for both upper components.
For the lowest component in the case eiθ = αα′q2(s˜+ǫ
′
1+ǫ2)+1, the statement (138)
follows from the decomposition (96) with τ (r,k) → τ [±](r,k)(q2ζ , q2ǫ2), τ (r,k)± →
τ [±](r,k)±(q2ζ , q2ǫ2), equation (138) for the two upper components and relation (35),
provided that the conditions (136) are satisfied. Alternatively, using the expression
(130) for the bracket on the rhs of (134), the k-summation is evaluated employing
(130) with the replacements k → m, z → z−1, ǫ1 ↔ ǫ4, ǫ2 ↔ ǫ3, ǫ′1 ↔ ǫ′4, ǫ′2 ↔ ǫ′3,
q2σ3 ↔ αq2σ4 . This leads to
σ[±](r,m) − σ′[±](r,m)
∣∣∣
eiθ=αα′q2(s˜+ǫ
′
1+ǫ2)+1
=
cq2(ǫ2−ǫ1)ι(q2σ3 )ι(q2σ4 )
(
q2, q2, zq2(ǫ1−ǫ2+1), z−1q2(ǫ1−ǫ2+1); q2
)
∞
θq2
(
zqeiθ, z−1qeiθ
) ·
q−4s˜(ǫ2−ǫ1)
{
q2(σ3+σ4)+4s˜(ǫ2−ǫ1)θq2
(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1eiθ, q4σ3+2, q4σ4+2
)
+ q2(σ3+σ4)−4(s˜+1)(ǫ2−ǫ1)γ(q2σ3)γ(q−2σ3)δ(q2σ4 )δ(q−2σ4)·
θq2
(
q2(ǫ2−ǫ1)+1e−iθ, q2(ǫ2−ǫ1)+1e−iθ, q4σ3+2, q4σ4+2
)
+ zF
θq2
(
q2(ǫ2−ǫ1)+1eiθ, qe(ǫ2−ǫ1)+1e−iθ
)
θq2
(
zq2(ǫ2−ǫ1), z−1q2(ǫ2−ǫ1)
) }·
ar
(
x; q2ǫ1 , q2ǫ2 ; eiθ
)
ς(r)m
(
q2ǫ1 , q2σ1 ; q2ǫ2 , q2σ2 ; eiθ
)∣∣∣
eiθ=αα′q2(s˜+ǫ
′
1
+ǫ2)+1
.
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Use of equation (142) to eliminate the factors θq2
(
zq2(σ3+σ4+1), z−1q2(σ3+σ4)
)
and
θq2
(
zq2(σ3−σ4+1), z−1q2(σ3−σ4)
)
in the expression (126) for F gives
(144)
σ[±](r,m) − σ′[±](r,m) − cq
4(ǫ2−ǫ1)B˜C˜(q2, q2; q2)∞(
zq2(ǫ2−ǫ1), z−1q2(ǫ2−ǫ1); q2
)
∞
arς
(r)
m
∣∣∣∣
eiθ=αα′q2(s˜+ǫ
′
1+ǫ2)+1
=
cι(q2σ3 )ι(q2σ4 )(q2, q2, zq2(ǫ1−ǫ2+1), z−1q2(ǫ1−ǫ2+1); q2)∞
θq2
(
zqeiθ, zqe−iθ
) ·{
q2(σ3+σ4)+2(2s˜+1)(ǫ2−ǫ1)θq2
(
q2(ǫ2−ǫ1)+1eiθ, q2(ǫ2−ǫ1)+1eiθ, q4σ3+2, q4σ4+2
)
+ q2(σ3+σ4)−2(2s˜+1)(ǫ2−ǫ1)γ(q2σ3)γ(q−2σ3)δ(q2σ4 )δ(q−2σ4 )·
θq2
(
q2(ǫ2−ǫ1)+1e−iθ, q2(ǫ2−ǫ1)+1e−iθ, q4σ3+2, q4σ4+2
)
− F (q−1eiθ)
}
arς
(r)
m .
Insertion of (131) with zq → eiθ for the last line yields
(145) cq2(σ3+σ4)ι(q2σ3)ι(q2σ4 )·(
q2, q2, zq2(ǫ1−ǫ2+1), z−1q2(ǫ1−ǫ2+1); q2
)
∞
θq2
(
q4σ3+2, q4σ4+2
)
θq2
(
zqeiθ, zqe−iθ
) arς(r)m ·{
q2(ǫ2−ǫ1)G(q2σ3 , q2σ4)G(q2σ4 , q2σ3)− B˘C˘ θq2
(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ
)
θq2
(
q2(ǫ2−ǫ1+σ3−σ4+1), q2(ǫ2−ǫ1−σ3+σ4+1)
)}
for the rhs of (144), where
G(q2σ3 , q2σ4) = q2s˜(ǫ2−ǫ1)θq2
(
q2(ǫ2−ǫ1)+1eiθ
)
+ γ(q2σ3)δ(q−2σ4 ) q−2(s˜+1)(ǫ2−ǫ1)+2(σ3−σ4)
θq2
(
q2(ǫ2−ǫ1)+1e−iθ, q2(ǫ2−ǫ1−σ3+σ4)
)
θq2
(
q2(ǫ2−ǫ1+σ3−σ4)
) .
According to the proof of the statement (138) for the lowest component in the case
eiθ = αα′q2(s˜+ǫ
′
1+ǫ2)+1 subject to the restriction (136), the rhs of (144) vanishes if
max(|zqe±iθ|, |z−1qe±iθ|) < 1. Since the braces on the rhs of (144) are independent
of z, this confirms the assertion in the more general case specified by the conditions
(137).
Taking to account the antisymmetry of the expression (126) for F under q2σ4 →
q−2σ4 , repeating the previous steps yields the lhs of (144) equated to the expression
(145) with the replacement q2σ4 → q−2σ4 within the braces. This implies
(146)
q2(ǫ2−ǫ1)G(q2σ3 , q2σ4)G(q2σ4 , q2σ3)− B˘C˘ θq2
(
q2(σ3−σ4)+1eiθ, q2(σ3−σ4)+1e−iθ
)
θq2
(
q2(ǫ2−ǫ1+σ3−σ4+1), q2(ǫ2−ǫ1−σ3+σ4+1)
) =
q2(ǫ2−ǫ1)G(q2σ3 , q−2σ4)G(q−2σ4 , q2σ3)− B˘C˘ θq2
(
q2(σ3+σ4)+1eiθ, q2(σ3+σ4)+1e−iθ
)
θq2
(
q2(ǫ2−ǫ1+σ3+σ4+1), q2(ǫ2−ǫ1−σ3−σ4+1)
)
= 0
for eiθ = αα′q2(s˜+ǫ
′
1+ǫ2)+1.
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Due to equation (124), for eiθ = q2(s
′+ǫ2−ǫ1)−1 the lowest component of the
bracket on the rhs of (134) reduces to
τ [±](k,r)
(
q2ζ , q2ǫ2
)− αα′q2(ǫ′2−ǫ2)τ ′[±](r,k)(q2ζ , q2ǫ′2)∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
=
τ̂ (r,k)
(
q2ζ , q2ǫ2
)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)(q2ζ , q2ǫ′2)∣∣∣
eiθ=q2(s
′+ǫ2−ǫ1)−1
.
Using the expression (123) for the rhs, the k-summation on the rhs of (134) can
be evaluated by means of equation (123) with the replacements k → m, z → z−1,
ǫ1 ↔ ǫ4, ǫ2 ↔ ǫ3, ǫ′1 ↔ ǫ′4, ǫ′2 ↔ ǫ′3, q2σ3 ↔ αq2σ4 . This step immediately leads to
the rhs of (134) for eiθ ∈ Γq−2(r+ǫ2−ǫ1)+1 .
Remark 1 : Equation [[11]:ex.5.23] with n → 4, a1b1 → −q2(ǫ3+σ3)+1,
a1
b2
→
−αα′q2(ǫ′3+σ3)+1, a1b3 → −αq−2(ǫ1−σ3)+1,
a1
b4
→ −α′q2(ǫ′1−σ3)+1, a1a2 → q4σ3 ,
a1
a3
→
q2(ǫ2−ǫ1+σ3−σ4+1), a1a4 → q2(ǫ2−ǫ1+σ3+σ4+1) yields
θq2
(
q4σ3 ,−q2(ǫ4+σ4)+1,−q2(ǫ4−σ4)+1,−αα′q2(ǫ′4+σ4)+1,−αα′q2(ǫ′4−σ4)+1)B˘ =
q2(ǫ2−ǫ1+σ3−σ4)·
θq2
(
q4σ4 ,−αq2(ǫ1+σ3)+1,−αq2(ǫ1−σ3)+1,−α′q2(ǫ′1+σ3)+1,−α′q2(ǫ′1−σ3)+1)C˘,
where B˘ and C˘ are given by (98) and (132). Moreover, equation [[11]:ex.5.23] gives
rise to a similar relation for G(q2σ3 , q2σ4) and G(q2σ4 , q2σ3).
Remark 2 : If B˘ = 0, the rhs of equation (138) in Proposition 3 and the last
contribution on the rhs of (131) specifying F vanish. Choosing α = 1, ǫ2 = ǫ4,
ǫ′2 = ǫ
′
4 or α
′ = 1, ǫ2 = ǫ
′
4, ǫ
′
2 = ǫ4 yields δ(q
2σ4 ) = δ(q−2σ4) = 1 and q−2σ3B˘ =
θq2(q
2(ǫ2−ǫ1−σ3−σ4), q2(ǫ2−ǫ1+σ3−σ4+1))−θq2(q2(ǫ2−ǫ1−σ3+σ4), q2(ǫ2−ǫ1+σ3+σ4+1)). The
requirement ǫ1 = ǫ2 = ǫ4, ǫ
′
2 = ǫ
′
4 implies ǫ1 = ǫ2 = ǫ3 = ǫ4 and ǫ
′
1 = ǫ
′
2 = ǫ
′
3 = ǫ
′
4
due to the condition (117). Similarly, the requirement ǫ1 = ǫ2 = ǫ
′
4, ǫ
′
2 = ǫ4 implies
ǫ1 = ǫ2 = ǫ
′
3 = ǫ
′
4 and ǫ
′
1 = ǫ
′
2 = ǫ3 = ǫ4. Thus B˘ = 0 is found in the cases
α = 1, ǫ1 = ǫ2 = ǫ3 = ǫ4, ǫ
′
1 = ǫ
′
2 = ǫ
′
3 = ǫ
′
4
and
α′ = 1, ǫ1 = ǫ2 = ǫ
′
3 = ǫ
′
4, ǫ
′
1 = ǫ
′
2 = ǫ3 = ǫ4.
If α = −α′, the relation to the vector-valued big q-Jacobi function transform
specified in subsection (5.3) allows to deduce a pair of quadratic summation formu-
lae for the elements (125) from Proposition 3.
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Corollary 4. In the case α = −α′ = −1 and max(q4σ1 , q4σ2) < 1, the elements
r±
k,k+r∗
l,l+r∗ fulfill
(147)
∞∑
k=−∞
r∓
m,m+r∗
k,k+r∗
(
z−1, α;−1, q2ζ ; q2ǫ4 , q2ǫ3 ; q2ǫ2 , q2ǫ1 ;αq2σ4 , αq2σ3)·
r±
k,k+r∗
l,l+r∗
(
z, α;−1, q2ζ; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4)
+
∞∑
k=−∞
r∓
m,m+r∗
k,k+r∗
(
z−1,−α;−1, q2ζ; q2ǫ′4 , q2ǫ′3 ; q2ǫ2 , q2ǫ1 ;αq2σ4 , αq2σ3)·
r±
k,k+r∗
l,l+r∗
(
z,−α;−1, q2ζ; q2ǫ1 , q2ǫ2 ; q2ǫ′3 , q2ǫ′4 ;−q2σ3 ,−q2σ4)
= δl,m · cB˜C˜q4(ǫ2−ǫ1) (1− q
2)(q2, q2; q2)∞(
zq2(ǫ2−ǫ1), z−1q2(ǫ2−ǫ1); q2
)
∞
and
(148)
∞∑
k=−∞
r∓
m,m+r∗
k,k+r∗
(
z−1, α;−1, q2ζ ; q2ǫ4 , q2ǫ3 ; q2ǫ2 , q2ǫ1 ;αq2σ4 , αq2σ3)·
r±
k,k+r∗
l,l+r∗
(
z,−α;−1, q2ζ; q2ǫ′1 , q2ǫ′2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4)
+
∞∑
k=−∞
r∓
m,m+r∗
k,k+r∗
(
z−1,−α;−1, q2ζ; q2ǫ′4 , q2ǫ′3 ; q2ǫ2 , q2ǫ1 ;αq2σ4 , αq2σ3)·
r±
k,k+r∗
l,l+r∗
(
z, α;−1, q2ζ; q2ǫ′1 , q2ǫ′2 ; q2ǫ′3 , q2ǫ′4 ;−q2σ3 ,−q2σ4) = 0.
Proof : By means of Proposition 3 and the identifications (30) and (39), the
orthogonality relations (73) for the vector-valued big q-Jacobi functions with x′ =
z+q
2m, x = z+q
2l or x = z−q
2l and the parameters specified by (38) and (68) can
be reformulated as the integral transform (74) with the same parameters and the
function g(γ) given by
q−l
Sl+r
(
q2ǫ2 , q2σ2
)
Sl
(
q2ǫ1 , q2σ1
) G(z) (b−r (σ[±](r,m)− − σ′[±](r,m)−)
b+r
(
σ[±](r,m)+ − σ′[±](r,m)+)
)
for γ ∈ T, by
q−l
Sl+r(q
2ǫ2 , q2σ2)
Sl(q2ǫ1 , q2σ1)
q−(s−r)
2+2(s−r)(ǫ1+σ1)−4(s−r)(r+ǫ2)·(
q2(ǫ2−ǫ1+σ1+σ2+1), q2(ǫ2−ǫ1+σ1−σ2+1); q2
)
s
a+r
(
q4(ǫ2−ǫ1)+2(s+r+1); q2
)
s−r
G(z)
(
σ[±](r,m)+ − σ′[±](r,m)+),
for γ = q−2(s+ǫ2−ǫ1)−1, by
q−l
Sl+r
(
q2ǫ2 , q2σ2
)
Sl
(
q2ǫ1 , q2σ1
) (−1)tq−2t2−2t(r+ǫ2−σ2)+4tσ1 (q−2t+4(σ1+σ2); q2)∞(
q2(t+1−2σ1); q2
)
∞
·
θq2
(−q2(ǫ1−σ1)+1)(q2(ǫ2−ǫ1−σ1+σ2+1), q2(ǫ2−ǫ1−σ1−σ2+1); q2)
∞
a−r θq2
(−q2(r+ǫ2+σ2)+1) ·
G(z)
(
σ[±](r,m)− − σ′[±](r,m)−)
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for γ = q2(σ1+σ2)−2t−1 and by
− q−lSl+r
(
q2ǫ2 , q2σ2
)
Sl
(
q2ǫ1 , q2σ1
) q2(r+ǫ2+σ3)e−iθ
arθq2
(−q2(r+ǫ2+σ2)+1,−q2(r+ǫ2−σ2)+1, q4σ1) ·
G(z)(
q2(r+ǫ2−ǫ1)+1e−iθ, q2e2iθ; q2
)
∞
(
σ[±](r,m) − σ′[±](r,m))
for γ ∈ Γ˜∩ Γinf or γ ∈ Γq−2(r+ǫ2−ǫ1)+1 ∩ Γfinq−2(r+ǫ2−ǫ1)+1 . The four sets collecting the
values of γ in the last case are defined by (61) and (58) in subsection 5.2 and by
(66) in subsection 5.3. Each rhs involdes the function
G(z) =
q4(ǫ1−ǫ2)
cB˜C˜
(
zq2(ǫ2−ǫ1), z−1q2(ǫ2−ǫ1); q2
)
∞
(q2, q2; q2)∞
.
Due to the restrictions (136) and (137), both the k-summation in the Definition
2 and the summation implicit in the brackets on the rhs of (134) are absolutely
convergent. Interchanging the summations and making use of the identifications
(70) and (71), the function g(γ) can be expressed by g(γ) =
(Ff [±])(γ) with the
parameters of F given by (38) and (68). The function f [±] can be written out
explicitly making use of the definitions by (134) and (125) and the relations (70),
(71). Since the integral transform G inverts the vector-valued big q-Jacobi transform
F , the assertions (147) and (148) follow immediately for x = z+q2l and x = z−q2l,
respectively.
The bilateral summations in Corollary 4 are a generalization of the unitarity
property satisfied by R-matrices related to finite-dimensional U ′q
(
ŝl(2)
)
-modules.
Appendix A. The R-elements
In subsection A.1, the set of matrix elements {Rk,k+r∗l,l+r∗ } specified by (15) is shown
to satisfy the intertwining condition (13). The symmetry (17) under q2σ3 → q−2σ3
and equation (21) relating Rk,k+r
∗
l,l+r∗ , Rˇ
k,k+r∗
l,l+r∗ and R˚
k,k+r∗
l,l+r∗ are proven in subsection
A.2.
A.1. Proof of the intertwining property. For X = q±hi , the property (13) is
ensured by the restriction (12). The remaining conditions can be written out by
(149)
X = e0 :
zD−q−2(r+ǫ2−ǫ1)A
1−z−1q−2(r+ǫ2−ǫ1)
= 0, X = e1 :
C−B
1−z−1q2(r+ǫ2−ǫ1)
= 0,
X = f0 :
Cq2(r+ǫ2−ǫ1)−zB
1−z−1q2(r+ǫ2−ǫ1)
= 0, X = f1 :
D−A
1−z−1q−2(r+ǫ2−ǫ1)
= 0,
where
(150) A ≡ Ak,r,l = −q−2(k+ǫ4)
(
1− z−1q−2(r+ǫ2−ǫ1))sl+r−1(q2ǫ2 , q2σ2)Rk+1,k+r∗l,l+r−1∗
+ αz−1
(
1− αzq2(l−k+ǫ1−ǫ4))s−k−1(q−2ǫ4 , q2σ4)Rk,k+r∗l,l+r∗
− αq(1− αq2(l−k+r+ǫ2−ǫ4−1))s−k−r−1(q−2ǫ3 , q2σ3)Rk+1,k+r+1∗l,l+r∗ ,
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(151) B ≡ Bk,r,l = −q−2(k+r+ǫ3)−1
(
1− z−1q2(r+ǫ2−ǫ1))sl+r(q2ǫ2 , q2σ2)Rk,k+r+1∗l,l+r+1∗
− αq(1− αz−1q2(l−k+ǫ1−ǫ4−1))s−k−1(q−2ǫ4 , q2σ4)Rk+1,k+r+1∗l,l+r∗
+ αz−1
(
1− αq2(l−k+r+ǫ2−ǫ4))s−k−r−1(q−2ǫ3 , q2σ3)Rk,k+r∗l,l+r∗ ,
(152) C ≡ Ck,r,l = −q−2(k+r+ǫ3)
(
1− z−1q2(r+ǫ2−ǫ1))sl−1(q2ǫ1 , q2σ1)Rk,k+r+1∗l−1,l+r∗
− αq(1− αq2(l−k−r+ǫ1−ǫ3−1))s−k−1(q−2ǫ4 , q2σ4)Rk+1,k+r+1∗l,l+r∗
+ αz−1
(
1− αzq2(l−k+ǫ1−ǫ4))s−k−r−1(q−2ǫ3 , q2σ3)Rk,k+r∗l,l+r∗
and
(153) D ≡ Dk,r,l = −q−2(k+ǫ4)−1
(
1− z−1q−2(r+ǫ2−ǫ1)sl(q2ǫ1 , q2σ1)Rk+1,k+r∗l+1,l+r∗
+ αz−1
(
1− αq2(l−k−r+ǫ1−ǫ3))s−k−1(q−2ǫ4 , q2σ4)Rk,k+r∗l,l+r∗
− αq(1− αz−1q2(l−k+ǫ1−ǫ4−1))s−k−r−1(q−2ǫ3 , q2σ3)Rk+1,k+r+1∗l,l+r∗ .
The contiguous relation
(1− b1)(a1 − a2)4φ3
(
a1, a2, a3, a4
b1, b2, b3
; q2, q2
)
= (1− a1)(b1 − a2)·
4φ3
(
a1q
2, a2, a3, a4
b1q2, b2, b3
; q2, q2
)
+ (1− a2)(a1 − b1)4φ3
(
a1, a2q
2, a3, a4
b1q2, b2, b3
; q2, q2
)
is an immediate consequence of the definition of the series mφn by equation (1).
Applying the relation with a1 → −q−2(k+r+ǫ3−σ3)+1, a2 → −αq2(l+ǫ1+σ3)+1, a3 →
zq−2(r+ǫ2−ǫ1)+2, a4 → z−1q−2(r+ǫ2−ǫ1), b1 → αq2(l−k−r+ǫ1−ǫ3+1), b2 → q−2(r+ǫ2−ǫ1−σ3+σ4)+2,
b3 → q−2(r+ǫ2−ǫ1−σ3−σ4)+2 to the first 4φ3-series in the expression (15) and with
a1 → −q−2(k+ǫ4−σ4)+1, a2 → −αq2(l+r+ǫ2+σ4)+1, a3 → zq2(σ4−σ3+1), a4 → z−1q2(σ4−σ3),
b1 → αq2(l−k+ǫ1−ǫ4−σ3+σ4+1), b2 → q4σ4+2, b3 → q2(r+ǫ2−ǫ1−σ3+σ4+1) to the second
4φ3-series yields
(154) 0 = Fk,r,l ≡
(
1− αz−1q2(l−k+ǫ1−ǫ4))(1− αq2(l+k+r+ǫ2+ǫ4))Rk,k+r∗l,l+r∗
+ αz−1q2(l+k+r+ǫ2+ǫ4)−1s−k
(
q−2ǫ4 , q2σ4
)
s−k−r
(
q−2ǫ3 , q2σ3
)
Rk−1,k+r−1
∗
l,l+r∗
− q−1sl
(
q2ǫ1 , q2σ1
)
sl+r
(
q2ǫ2 , q2σ2
)
Rk,k+r
∗
l+1,l+r+1∗ .
According to (150)-(153), the rhs of (154) is found in the linear combination
(155) sl+r
(
q2ǫ2 , q2σ2
)
s−k−r
(
q−2ǫ3 , q2σ3
)·{
sl
(
q2ǫ1 , q2σ1
)
Ak−1,r,l+1 − qsl+r
(
q2ǫ2 , q2σ2
)
Dk−1,r,l
}
+
sl
(
q2ǫ1 , q2σ1
)
s−k
(
q−2ǫ4 , q2σ4
){
qsl
(
q2ǫ1 , q2σ1
)
Bk−1,r,l − sl+r
(
q2ǫ2 , q2σ2
)
Ck−1,r,l+1
}
= αq−2(k+r+ǫ3)+3Fk,r,l
{
q−2(k+r+ǫ3)+1
(
1− q4(r+ǫ2−ǫ1))(1 + αq2(k+l+r+ǫ2+ǫ4))
+
(
1− αq2(l−k+r+ǫ2−ǫ4+1))(q2σ3 + q−2σ3)
− q2(r+ǫ2−ǫ1)(1− αq2(l−k−r+ǫ1−ǫ3+1))(q2σ4 + q−2σ4)} = 0.
If |q−2(k+r+ǫ3−σ1)+1| < 1, the three-term transformation [[11]:III.36] with a →
−αq2(l+ǫ1−σ3+2σ4)+1, b→ −αq2(l+ǫ1−σ3)+1, c→ −q2(k+ǫ4+σ4)+1, d→ −αq2(l+r+ǫ2+σ4)+1,
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e→ zq2(σ4−σ3+1), e→ z−1q2(σ4−σ3) allows to express the R-element given by (15)
by
(156) Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
(
q−2(r+ǫ2−ǫ1+σ3−σ4)+2; q2
)
r
·
κrz
−k−rql−k−r
S−k
(
q−2ǫ4 , q2σ4
)
S−k−r
(
q−2ǫ3 , q2σ3
) Sl+r(q2ǫ2 , αq2σ4)
Sl
(
q2ǫ1 , αq2σ3
) ·(
αq2(l−k+ǫ1−ǫ4−σ3+σ4+1),−q−2(k+r+ǫ3−σ3)+1,−αzq2(l+ǫ1+σ4)+3; q2)
∞(
αz−1q2(l−k+ǫ1−ǫ4),−q−2(k+ǫ4−σ4)+1,−αq2(l+ǫ1−σ3+2σ4)+3; q2)
∞
·(−αz−1q2(l+ǫ1+σ4)+1, q4σ4+2; q2)
∞(−αq2(l+r+ǫ2+σ4)+1, q−2(ǫ2−ǫ1−σ3−σ4)+2; q2)
∞
·
8W7
(−αq2(l+ǫ1−σ3+2σ4)+1;−αq2(l+ǫ1−σ3)+1,−q2(k+ǫ4+σ4)+1,−αq2(l+r+ǫ2+σ4)+1,
zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2,−q−2(k+r+ǫ3−σ3)+1).
Various contiguous relations for 8W7-series are found in [17]. Taking advantage of
(156), the relation [[17]:2.2] with a→ −αq2(l+ǫ1−σ3+2σ4)+1, b→ −αq2(l+r+ǫ2+σ4)+1,
c → −q2(k+ǫ4+σ4)+3, d → −αq2(l+ǫ1−σ3)+1, e → zq2(σ4−σ3+1), e → z−1q2(σ4−σ3)
yields
(157) A = 0
for |q−2(k+r+ǫ3−σ3)+1| > 1. Moreover, relation [[17]:2.3] with a→ −αq2(l+ǫ1−σ3+2σ4)+1,
b→ −αq2(l+r+ǫ2+σ4)+3, c→ −q2(k+ǫ4+σ4)+1, d→ −αq2(l+ǫ1−σ3)+1, e→ zq2(σ4−σ3+1),
f → z−1q2(σ4−σ3) implies
(158) B = 0
for |q−2(k+r+ǫ3−σ3)+1| > 1.
In the case |q2(k+r+ǫ3+σ3)+1| < 1, combining the three-term transformations
[[11]:III.36] with a → −αq−2(l+2r+2ǫ2−ǫ1−σ3)+1, b → −αq−2(l+r+ǫ2−σ4)+1, c →
−αq−2(l+r+ǫ2+σ4)+1, d→ −q−2(k+r+ǫ3−σ3)+1, e→ zq−2(r+ǫ2−ǫ1)+2, f → z−1q−2(r+ǫ2−ǫ1)
and with a→ −αq−2(l+ǫ1+σ3−2σ4)+1, b→ −αq−2(l+r+ǫ2−σ4)+1, c→ −αq−2(l+ǫ1+σ3)+1,
d→ −q−2(k+ǫ4−σ4)+1, e→ zq2(σ4−σ3+1), f → z−1q2(σ4−σ3) yields
(159) Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
(
q−2(ǫ2−ǫ1+σ3−σ4)+2; q2
)−1
∞
·{
hθ
θq2
(
αq2(ǫ1−ǫ3+1)
)
θq2
(
αz−1q2(ǫ1−ǫ4)
) (zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2)∞(
q2(ǫ2−ǫ1−σ3+σ4); q2
)
∞
Rˆk,k+r
∗
l,l+r∗
+ h−1θ
θq2
(
αq2(ǫ1−ǫ4−σ3+σ4+1),−q2(ǫ4+σ4)+1,−αq2(ǫ2−σ4)+1)
θq2
(
αz−1q2(ǫ1−ǫ4),−q2(ǫ3+σ3)+1,−αq2(ǫ1−σ3)+1) ·(
zq−2(ǫ2−ǫ1)+2, z−1q−2(ǫ2−ǫ1), q4σ4+2; q2
)
∞(
q−2(ǫ2−ǫ1−σ3+σ4), q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
∞
R˘k,k+r
∗
l,l+r∗
}
,
where
hθ =
√
θq2
(−q2(ǫ4+σ4)+1,−q2(ǫ4−σ4)+1,−αq2(ǫ2+σ4)+1,−αq2(ǫ2−σ4)+1)
θq2
(−q2(ǫ3+σ3)+1,−q2(ǫ3−σ3)+1,−αq2(ǫ1+σ3)+1,−αq2(ǫ1−σ3)+1) ,
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(160) Rˆk,k+r
∗
l,l+r∗ ≡ Rˆk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
= κˆrz
−lqk+r−l
Sk+r
(
q2ǫ3 , q2σ3
)
Sk
(
q2ǫ4 , q2σ4
) S−l(q−2ǫ1 , αq2σ3)
S−l−r
(
q−2ǫ2 , αq2σ4
) ·(
αq−2(l−k+r+ǫ2−ǫ4)+2,−αzq−2(l+r+ǫ2−σ3)+3,−αz−1q−2(l+r+ǫ2−σ3)+1; q2)
∞(
αz−1q−2(l−k+ǫ1−ǫ4),−αq−2(l+ǫ1−σ3)+1,−αq−2(l+2r+2ǫ2−ǫ1−σ3)+3; q2)
∞
·
8W7
(−αq−2(l+2r+2ǫ2−ǫ1−σ3)+1;−αq−2(l+r+ǫ2+σ4)+1,−αq−2(l+r+ǫ2−σ4)+1,
− q−2(k+r+ǫ3−σ3)+1, zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1); q2,−q2(k+r+ǫ3+σ3)+1)
and
(161) R˘k,k+r
∗
l,l+r∗ ≡ R˘k,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
κ˘rz
−lqk+r−l
√(−q2(k+ǫ4−σ4)+1,−q2(k+r+ǫ3+σ3)+1; q2)
∞(−q2(k+ǫ4+σ4)+1,−q2(k+r+ǫ3−σ3)+1; q2)
∞
S−l−r
(
q−2ǫ2 , αq2σ4
)
S−l
(
q−2ǫ1 , αq2σ3
) ·(
αq−2(l−k+ǫ1−ǫ4+σ3−σ4)+2,−αzq−2(l+ǫ1−σ4)+3,−αz−1q−2(l+ǫ1−σ4)+1; q2)
∞(
αz−1q−2(l−k+ǫ1−ǫ4),−αq−2(l+r+ǫ2−σ4)+1,−αq−2(l+ǫ1+σ3−2σ4)+3; q2)
∞
·
8W7
(−αq−2(l+ǫ1+σ3−2σ4)+1;−αq−2(l+r+ǫ2−σ4)+1,−αq−2(l+ǫ1+σ3)+1,−q−2(k+ǫ4−σ4)+1,
zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2,−q2(k+r+ǫ3+σ3)+1)
with
κˆr = z
−r(−1)rq−r2−2r(ǫ2−ǫ1−σ3)
(
q2(ǫ2−ǫ1−σ3+σ4), q2(ǫ2−ǫ1−σ3−σ4); q2
)
r(
z−1q2(ǫ2−ǫ1); q2
)
r
,
κ˘r = z
−rq2rσ4−r
(
zq2(ǫ2−ǫ1+1); q2
)
r(
q2(ǫ2−ǫ1−σ3+σ4+1); q2
)
r
.
The expressions obtained replacing R
k1,k
∗
2
l1,l∗2
by Rˆ
k1,k
∗
2
l1,l∗2
or R˘
k1,k
∗
2
l1,l∗2
on the rhs of (150)
and (151) will be denoted by Aˆ, Bˆ and A˘, B˘.
Application of the contiguous relations [[17]:2.18] and [[17]:2.17] with A2 →
−αq−2(l+2r+2ǫ2−ǫ1−σ3)+3, Aλ−1 → −q−2(k+r+ǫ3−σ3)−1, Aµ−1 → −αq−2(l+r+ǫ2+σ4)+1,
Aν−1 → −αq−2(l+r+ǫ2−σ4)+1, Aρ−1 → zq−2(r+ǫ2−ǫ1)+2, Aσ−1 → z−1q−2(r+ǫ2−ǫ1)
yields
Aˆ = Bˆ = 0
for |q2(k+r+ǫ3+σ3)+1| < 1. Use of relation [[17]:2.2] with a→ −αq−2(l+ǫ1+σ3−2σ4)+1,
b → −αq−2(l+r+ǫ2−σ4)+1, c → −q−2(k+ǫ4−σ4)+1, d → −αq−2(l+ǫ1+σ3)+1, e →
zq2(σ4−σ3+1), f → z−1q2(σ4−σ3) leads to
B˘ = 0
for |q2(k+r+ǫ3+σ3)+1| < 1. The relation [[17]:2.3] with a → −αq−2(l+ǫ1+σ3−2σ4)+1,
b → −αq−2(l+r+ǫ2−σ4)+3, c → −q−2(k+ǫ4−σ4)−1, d → −αq−2(l+ǫ1+σ3)+1, e →
zq2(σ4−σ3+1), f → z−1q2(σ4−σ3) implies
A˘ = 0
for |q2(k+r+ǫ3+σ3)+1| < 1. According to (159), this implies A = B = 0 for
|q2(k+r+ǫ3+σ3)+1| < 1. Since σ3 ≥ 0, the above steps show
(162) A = B = 0.
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The expression (15) for Rk,k+r
∗
l,l+r∗ enjoys the property
(163) Rk,k+r
∗
l,l+r∗ = R
k,k+r∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
z−(k+l+r)R−l−r,−l
∗
−k−r,−k∗
(
z, α; q−2ǫ3 , q−2ǫ4 ; q−2ǫ1 , q−2ǫ2 ;αq2σ3 , αq2σ4
)
.
Therefore, the substitutions
Rˆk,k+r
∗
l,l+r∗ → Rˆ−l−r,−l
∗
−k−r,−k∗
(
z, α; q−2ǫ3 , q−2ǫ4 ; q−2ǫ1 , q−2ǫ2 ;αq2σ3 , αq2σ4
)
,
R˘k,k+r
∗
l,l+r∗ → R˘−l−r,−l
∗
−k−r,−k∗
(
z, α; q−2ǫ3 , q−2ǫ4 ; q−2ǫ1 , q−2ǫ2 ;αq2σ3 , αq−2σ4
)
on the rhs of (159) followed by multiplication with z−(k+l+r) yield a further ex-
pression for Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1, q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
. For the first replacement,
the relations [[17]2.17] and [[17]:2.18] with A2 → −q2(k−r−ǫ3+2ǫ4+σ3)+3, Aµ−1 →
−q2(k+ǫ4+σ4)+1, Aν−1 → −q2(k+ǫ4−σ4)+1, Aρ−1 → zq−2(r+ǫ2−ǫ1)+2, Aσ−1 → z−1q−2(r+ǫ2−ǫ1)
andAλ−1 → −αq2(l+ǫ1+σ3)+1 for [[17]:2.17], Aλ−1 → −αq2(l+ǫ1+σ3)−1 for [[17]:2.18]
can be employed. To the second replacement, the relations [[17]:2.2] with b →
−q2(k+ǫ4+σ4)+1, c → −αq2(l+r+ǫ2+σ4)+3 and [[17]:2.3] with b → −q2(k+ǫ4+σ4)+3,
c → −αq2(l+r+ǫ2+σ4)−1 and a → −q2(k+r+ǫ3−σ3+2σ4)+1, d → −q2(k+r+ǫ3−σ3)+1,
e → zq2(σ4−σ3+1), f → z−1q2(σ4−σ3) for both apply. Making use of (159), this
yields
(164) − q−2(k+ǫ4)+2
{(
1− αz−1q2(l−k+ǫ1−ǫ4))sl+r(q2ǫ2 , q2σ2)Rk,k+r∗l,l+r∗
− q−1(1− αq2(l−k+r+ǫ2−ǫ4+1))sl(q2ǫ1 , q2σ1)Rk,k+r∗l+1,l+r+1∗
+q2(l+ǫ1)
(
1−z−1q2(r+ǫ2−ǫ1))s−k(q−2ǫ4 , q2σ4)Rk−1,k+r∗l,l+r+1∗ } = (1−z−1q−2(r+ǫ2−ǫ1+1))−1
·
{(
1−αz−1q2(l−k+ǫ1−ǫ4))Ak−1,r+1,l − (1−αq2(l−k+r+ǫ2−ǫ4+1))Dk−1,r+1,l} = 0
for |q2(l+ǫ1−σ3)+1| > 1 and
(165) − q−2(k+r+ǫ3)+1
{(
1− αzq2(l−k+ǫ1−ǫ4))sl+r−1(q2ǫ2 , q2σ2)Rk,k+r∗l,l+r∗
− q(1− αq2(l−k+r+ǫ2−ǫ4−1))sl−1(q2ǫ1 , q2σ1)Rk,k+r∗l−1,l+r−1∗
+q2(l+ǫ1)
(
1−zq2(r+ǫ2−ǫ1))s−k−1(q−2ǫ4 , q2σ4)Rk+1,k+r∗l,l+r−1∗ } = (1−z−1q2(r+ǫ2−ǫ1−1))−1
·
{(
1− αzq2(l−k+ǫ1−ǫ4))Bk,r−1,l − (1− αq2(l−k+r+ǫ2−ǫ4−1))Ck,r−1,l} = 0
for |q2(l+ǫ1−σ3)−1| > 1. For |q2(l+ǫ1+σ3)+1| < 1, the transformation [[11]:III.36] with
a → −q−2(k+r+ǫ3+σ3−2σ4)+1, b → −αq−2(l+r+ǫ2−σ4)+1, c → −q−2(k+r+ǫ3+σ3)+1,
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d→ −q−2(k+ǫ4−σ4)+1, e→ zq2(σ4−σ3+1), f → z−1q2(σ4−σ3) yields
Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=(
q−2(r+ǫ2−ǫ1+σ3−σ4)+2; q2
)
r
κrz
−k−rq−k−r
S−k
(
q−2ǫ4 , q2σ4
)
S−k−r
(
q−2ǫ3 , q2σ3
) ·
ql
√(−αq2(l+ǫ1+σ3)+1,−αq2(l+r+ǫ2−σ4)+1; q2)
∞(−αq2(l+ǫ1−σ3)+1,−αq2(l+r+ǫ2+σ4)+1; q2)
∞
(
q4σ4+2; q2
)
∞(
q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
∞
·(
αq2(l−k+ǫ1−ǫ4−σ3+σ4+1),−zq−2(k+r+ǫ3−σ4)+3,−z−1q−2(k+r+ǫ3−σ4)+1; q2)
∞(
αz−1q2(l−k+ǫ1−ǫ4),−q−2(k+ǫ4−σ4)+1,−q−2(k+r+ǫ3+σ3−2σ4)+3; q2)
∞
·
8W7
(−q−2(k+r+ǫ3+σ3−2σ4)+1;−q−2(k+r+ǫ3+σ3)+1,−q−2(k+ǫ4−σ4)+1,
− αq−2(l+r+ǫ2−σ4)+1, zq2(σ4−σ3+1), z−1q2(σ4−σ3); q2,−αq2(l+ǫ1+σ3)+1).
The relations [[17]:2.2] and [[17]:2.3] with a→ −q−2(k+r+ǫ3+σ3−2σ4)+1, c→ −q−2(k+ǫ4−σ4)+1,
d→ −q−2(k+r+ǫ3+σ3)+1, e→ zq2(σ4−σ3+1), f → z−1q2(σ4−σ3) and b→ −αq−2(l+r+ǫ2−σ4)+3
for [[17]:2.2], b→ −αq−2(l+r+ǫ2−σ4)+1 for [[17]:2.3] give rise to (165) and (164), re-
spectively. Here |q2(l+ǫ1+σ3)−1| < 1 is required for (165) and |q2(l+ǫ1+σ3)+1| < 1 for
(164). Since σ3 ≥ 0, this proves the relations (164) and (165). Combined with the
results (162), the latter imply
(166) C = D = 0
unless
α = 1, ǫ2 − ǫ4 = m, m ∈ Z.
In this case, the combinations Ck,r−1,k−r−m+1 and Dk−1,r+1,k−r−m−1 are left un-
determined. Taking into account the results (162), (164) and (165), the relation
(155) shows
Ck,r−1,k−r−m+1 = Dk−1,r+1,k−r−m−1 = 0,
which proves the result (166) in general. This establishes the equations (149).
A.2. Further Properties. For |q−2(k+ǫ4−σ4)+1| < 1, the transformation [[11]:III.36]
with a → −αq2(l+r+2ǫ1−ǫ2+σ4)+1, b → −αq2(l+ǫ1−σ3)+1, c → −q2(k+ǫ4+σ4)+1,
d→ −αq2(l+ǫ1+σ3)+1, e→ zq−2(r+ǫ2−ǫ1)+2, f → z−1q−2(r+ǫ2−ǫ1) gives rise to
(167) Rk,k+r
∗
l,l+r∗
(
z, α; q2ǫ1 , q2ǫ2 ; q2ǫ3 , q2ǫ4 ; q2σ3 , q2σ4
)
=
κr
(
q−2(r+ǫ2−ǫ1+σ3−σ4)+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2; q2
)
r
·
z−k−rql−k−r
S−k
(
q−2ǫ4 , q2σ4
)
S−k−r
(
q−2ǫ3 , q2σ3
) Sl+r(q2ǫ2 , αq2σ4)
Sl
(
q2ǫ1 , αq2σ3
) ·(
αq2(l−k−r+ǫ1−ǫ3+1),−αzq2(l+ǫ1+σ4)+3,−αz−1q2(l+ǫ1+σ4)+1; q2)
∞(
αz−1q2(l−k+ǫ1−ǫ4),−αq2(l+r+ǫ2+σ4)+1,−αq2(l−r+2ǫ1−ǫ2+σ4)+3; q2)
∞
·
8W7
(−αq2(l−r+2ǫ1−ǫ2+σ4)+1;−αq2(l+ǫ1+σ3)+1,−αq2(l+ǫ1−σ3)+1,−q2(k+ǫ4+σ4)+1,
zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1); q2,−q−2(k+ǫ4−σ4)+1).
The expression on the rhs is manifestly invariant under σ3 → −σ3. Since the
coefficients of the R-elements on the lhs of (165) share this property, the invariance
extends to all values of k. This establishes the symmetry (17).
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In the case |q−2(k+ǫ4−σ4)+1| < 1, equation (156) yields
˚ˇRk,k+r
∗
l,l+r∗ = R
k+r,k∗
l+r,l∗
(
z, α; q2ǫ2 , q2ǫ1 ; q2ǫ4 , q2ǫ3 ; q2σ4 , q−2σ3
)
=
αrz−k−rql−k−2rα3(
zq2(r+ǫ2−ǫ1+1); q2
)
−r
S−k−r
(
q−2ǫ3 , q2σ3
)
S−k
(
q−2ǫ4 , q2σ4
) Sl(q2ǫ1 , αq2σ3)
Sl+r
(
q2ǫ2 , αq2σ4
) ·(
αq2(l−k+ǫ1−ǫ4−σ3−σ4+1),−q−2(k+ǫ4−σ4)+1,−αzq2(l+r+ǫ2−σ3)+3; q2)
∞(
αz−1q2(l−k+ǫ1−ǫ4),−q−2(k+r+ǫ3+σ3)+1,−αq2(l+r+ǫ2−2σ3−σ4)+3; q2)
∞
·(−αz−1q2(l+r+ǫ2−σ3)+1, q−4σ3+2; q2)
∞(−αq2(l+ǫ1−σ3)+1, q2(ǫ2−ǫ1−σ3+σ4+1); q2)
∞
(
q2(ǫ2−ǫ1−σ3−σ4+1); q2
)
r
·
8W7
(−αq2(l+r+ǫ2−2σ3−σ4)+1;−αq2(l+ǫ1−σ3)+1,−αq2(l+r+ǫ2−σ4)+1,
− q2(k+r+ǫ3−σ3)+1, zq−2(σ3+σ4)+2, z−1q−2(σ3+σ4); q2, q−2(k+ǫ4−σ4)+1).
Application of [[11]:III.36] with a→ −αq2(l+r+ǫ2−2σ3−σ4)+1, b→ −αq2(l+ǫ1−σ3)+1,
c→ −q2(k+r+ǫ3−σ3)+1, d→ −αq2(l+r+ǫ2−σ4)+1, e→ zq−2(σ3+σ4)+2, f → z−1q−2(σ3+σ4)
leads to
(168)
(
zq2(ǫ1−ǫ2+1), z−1q2(ǫ1−ǫ2), q2(ǫ2−ǫ1−σ3+σ4+1), q2(ǫ2−ǫ1−σ3−σ4+1); q2
)
∞
·
q2σ4θq2
(
q4σ4+2
)˚ˇRk,k+r∗l,l+r∗
+
(
zq2(σ4−σ3+1), z−1q2(σ4−σ3), q−2(ǫ2−ǫ1+σ3+σ4)+2, q−2(ǫ2−ǫ1−σ3+σ4)+2; q2
)
∞
·
q−2σ4θq2
(
q2(ǫ2−ǫ1−σ3−σ4+1)
)
Rˇk,k+r
∗
l,l+r∗ =(
zq−2(σ3+σ4)+2, z−1q−2(σ3+σ4); q2
)
∞
·
αrz−k−rql−k
S−k
(
q−2ǫ4 , q2σ4
)
S−k−r
(
q−2ǫ3 , q2σ3
) Sl+r(q2ǫ2 , αq2σ4)
Sl
(
q2ǫ1 , αq2σ3
) ·{
q2(σ4−rσ3)
(
αq2(l−k+ǫ1−ǫ4−σ3+σ4+1),−q−2(k+r+ǫ3−σ3)+1,−αq2(l+ǫ1+σ3)+1; q2)
∞(
αz−1q2(l−k+ǫ1−ǫ4),−q−2(k+ǫ4−σ4)+1,−αq2(l+r+ǫ2+σ4)+1; q2)
∞
·(
zq2(ǫ1−ǫ2+1), z−1q2(ǫ1−ǫ2), q2(r+ǫ2−ǫ1−σ3+σ4+1), q4σ4+2; q2
)
∞
(
zq2(ǫ2−ǫ1+1); q2
)
r
·
4φ3
(−q−2(k+ǫ4−σ4)+1, −αq2(l+r+ǫ2+σ4)+1, zq2(σ4−σ3+1), z−1q2(σ4−σ3)
αq2(l−k+ǫ1−ǫ4−σ3+σ4+1), q2(r+ǫ2−ǫ1−σ3+σ4+1), q4σ4+2
; q2, q2
)
+
(
αq2(l−k−r+ǫ1−ǫ3+1), zq2(σ4−σ3+1), z−1q2(σ4−σ3), q−2(ǫ2−ǫ1−σ3+σ4)+2; q2
)
∞
·
θq2
(
q2(ǫ2−ǫ1−σ3−σ4+1)
)(
q−2(r+ǫ2−ǫ1−σ3+σ4)+2; q2
)
r(
q2(r+ǫ2−ǫ1−σ3−σ4); q2
)
∞
(
zq−2(r+ǫ2−ǫ1)+2; q2
)
r
zrq2(r−1)σ4 ·
4φ3
(−q−2(k+r+ǫ3−σ3)+1, −αq2(l+ǫ1+σ3)+1, zq−2(r+ǫ2−ǫ1)+2, z−1q−2(r+ǫ2−ǫ1)
αq2(l−k−r+ǫ1−ǫ3+1), q−2(r+ǫ2−ǫ1−σ3+σ4)+2, q−2(r+ǫ2−ǫ1−σ3−σ4)+2
; q2, q2
)}
=
(
zq−2(σ3+σ4+1), z−1q−2(σ3+σ4), q−2(ǫ2−ǫ1+σ3−σ4)+2, q−2(ǫ2−ǫ1−σ3−σ4)+2; q2
)
∞
·
q2σ4θq2
(
q2(ǫ2−ǫ1−σ3+σ4)
)
Rk,k+r
∗
l,l+r∗ .
Here equation (15) with q2σ4 → −q−2σ4 has been employed to express Rˇk,k+r∗l,l+r∗ in
terms of two 4φ3-series. Making use of (4) and (3), the last step follows easily from
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(15). Replacing q2σ3 → q−2σ3 in (168) yields the relation (21) for q−2(k+ǫ4−σ4)+1 <
1.
The equations (162) and (164) imply
1
1− z−1q−2(r+ǫ2−ǫ1)
{(
1−αzq2(l−k+ǫ1−ǫ4))Dk,r,l−(1−αq2(l−k−r+ǫ1−ǫ3)Ak,r,l)} =
− q−2(k+ǫ4)−1
{(
1− αzq2(l−k+ǫ1−ǫ4))sl(q2ǫ1 , q2σ1)Rk+1,k+r∗l+1,l+r∗
− q(1− αq2(l−k−r+ǫ1−ǫ3))sl+r−1(q2ǫ2 , q2σ2)Rk+1,k+r∗l,l+r−1∗
+ q2(l+r+ǫ2)
(
1− zq−2(r+ǫ2−ǫ1)+2)s−k−r−1(q−2ǫ3 , q2σ3)Rk+1,k+r+1∗l,l+r∗ } = 0.
With the substitutions k → k + r − 1, l → l+ r− 1, r→ −r+ 1, ǫ1 ↔ ǫ2, ǫ3 ↔ ǫ4,
q2σ3 ↔ q2σ4 and the definition of R˚k,k+r∗l,l+r∗ by (19), this yields
(169)
(
1− αzq2(l−k+ǫ1−ǫ4))sl+r−1(q2ǫ2 , q2σ2)R˚k,k+r∗l,l+r∗
− q(1− αq2(l−k+r+ǫ2−ǫ4−1))sl−1(q2ǫ1 , q2σ1)R˚k,k+r∗l−1,l+r−1∗
+ q2(l+ǫ1)
(
1− zq2(r+ǫ2−ǫ1))s−k−1(q−2ǫ4 , q2σ4)R˚k+1,k+r∗l,l+r−1∗ = 0.
The equations (165), the same equation with q2σ4 → q−2σ4 and (169) can be com-
bined to extend (21) to all values of k.
Appendix B. Contiguous relations for Ξ(r,k)
The proof of Corollary 2 and 3 in subsection 5.4 involves the contiguous relations
(64) and (186) for Ξ(r,k) derived in subsection B.1 and B.2, respectively.
B.1. The relation (64). Throughout this section, the eiθ-dependence of the quan-
tities introduced by (26), (42), (35), (43), (60) and Definition 1 will be indicated
writing ρ
(r)±
l (e
iθ), a±r (e
iθ), ς
(r)
l (e
iθ), ar(e
iθ), Ξ(r,k)(eiθ) and τ (r,k)(eiθ). The proof
involves the finite sums
(170) τ (r,k;N,M)(eiθ) ≡ ar(eiθ)
N∑
l=−M
ς
(r)
l (e
iθ)Rk,k+r
∗
l,l+r∗ .
The contiguous relations [[17]:2.2] and [[17]:2.3] for 8W7-series with the specifi-
cations b → Aq2, c → B, d → C, e → aq2D , f → aq
2
E and b → Aq2, c → C, d → B,
e→ aq2D , f → aq
2
E provide relations among 3φ2-series when specialized to a = 0. A
combination of these suited for use in this subsection is given by
(171) B
(
1− Aq2B
)(
1− DEABCq2
)·{
(1− C)3φ2
(
A, B, Cq2
D, E
; q2,
DE
ABCq2
)
− (A− C)3φ2
(
A, B, C
D, E
; q2,
DE
ABC
)}
= B(1 −A)(1− DB )(1− EB ) 3φ2(Aq2, Bq−2, CD, E ; q2, DEABC
)
−Aq2(1−A)(1− DAq2 )(1− EAq2 ) 3φ2(A, B, CD, E ; q2, DEABC
)
.
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The contiguous relation
(172)
(1 −A)(1−B)(1 − C)
(1−D)(1 − E)(1− Eq2) DEABC 3φ2
(
Aq2, Bq2, Cq2
Dq2, Eq4
; q2,
DE
ABC
)
=
3φ2
(
A, B, C
D, E
; q2,
DE
ABC
)
− 3φ2
(
A, B, C
D, Eq2
; q2,
DEq2
ABC
)
is a direct consequence of the definition of the mφn-series by (1). A further relation
for 3φ2-series is obtained from [[17]:2.2] setting b → aq
2
D , c → aq
2
E , d → A, e → B,
f → C and specializing to a = 0. Combined with equation (172) it gives rise to the
contiguous relation
(173)
D(1−A)(1 −B)(1− C)(1− EA)(1− EB )(1− EC )
(1−D)(1− E)(1− Eq2) ·
3φ2
(
Aq2, Bq2, Cq2
Dq2, Eq4
; q2,
DE
ABC
)
=
−
ABC
D (1− E)
(
1− DA
)(
1− DB
)(
1− DC
)
1−D 3φ2
(
A, B, C
Dq2, E
; q2,
DEq2
ABC
)
+
{
D(1− E)(1 + ABCD2 )−BC(1−A)(1 + EBC )−A(1− EA)(B + C)}·
3φ2
(
A, B, C
D, E
; q2,
DE
ABC
)
.
Another relation for 3φ2-series follows from [[17]:2.2] with b→ A, c→ aq
2
D , d→ B,
e → C, f → aq2E setting a → 0. Supplemented by the relation [[19]:2.4] with
a → Aq−2, b → Bq−2, c → Cq−2, d → Dq−2, e → Eq−2 and equation (172) with
A→ Aq−2, B → Bq−2, C → Cq−2, D → Dq−2, E → Eq−4 it leads to
(174)
(
1−Dq−2)(1− Eq−2)(1− Eq−4)3φ2(Aq−2, Bq−2, Cq−2
Dq−2, Eq−4
; q2,
DE
ABC
)
=
− Eq
−2
(
1− Eq−4)(1− DA )(1− DB )(1− DC )
1−D 3φ2
(
A, B, C
Dq2, E
; q2,
DEq2
ABC
)
−
{(
1−Eq−4)(1+ D2EABCq2 )−Dq−2(1− EAq2 )(1+ EBC )− DEABCq2 (1−Aq−2)(B+C)}·
3φ2
(
A, B, C
D, E
; q2,
DE
ABC
)
.
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Relation (171) with A→ q2(r+ǫ2−ǫ1)+1eiθ, B → q2(r+ǫ2−ǫ1)+1e−iθ, C → −q−2(l+ǫ1∓σ1)+1,
D → q2(r+ǫ2−ǫ1±σ1+σ2+1), E → q2(r+ǫ2−ǫ1±σ1−σ2+1) implies
(175)(
1− q±2σ1+2σ2+1eiθ)(1− q±2σ1−2σ2+1eiθ)(1− q2(r+ǫ2−ǫ1)+1eiθ)ρ(r)±l (q2eiθ)
= q−2(l+ǫ1∓σ1)+2
(
1− q2e2iθ)sl−1(q2ǫ1 , q2σ1)sl+r−1(q2ǫ2 , q2σ2)ρ(r)±l−1 (eiθ)
−
{
q−2(l+ǫ1∓σ1)+1
(
1− q2e2iθ)(1 + q2(l+ǫ1+σ2)eiθ)(1 + q2(l+r+ǫ2−σ2)−1)
+q±2σ1+2σ2+3e3iθ
(
1−q2(σ1−σ2)−1e−iθ)(1−q−2(σ1+σ2)−1e−iθ)(1−q2(r+ǫ2−ǫ1)−1e−iθ)}
· ρ(r)±l
(
eiθ
)
with ρ
(r)±
l (e
iθ) given by (28). Multiplying equation (175) with
q∓2σ1θq2
(−q2(r+ǫ2∓σ1+1)e−iθ,−q2(ǫ1±σ1)+1)·(
q∓2σ1+2σ2+1eiθ, q∓2σ1−2σ2+1eiθ, q2(ǫ2−ǫ1+σ1+σ2+1), q2(ǫ2−ǫ1+σ1−σ2+1); q2
)
∞
,
the difference between the two sign options reads
(176)(
1−q2(σ1+σ2)+1eiθ)(1−q2(σ1−σ2)+1eiθ)(1−q2(σ2−σ1)+1eiθ)(1−q−2(σ1+σ2)+1eiθ)·
q−2(r+ǫ2)eiθ
(
1− q2(r+ǫ2−ǫ1)+1eiθ)ς(r)l (q2eiθ) =
q−2(l+ǫ1)+2
(
1− q2e2iθ)sl−1(q2ǫ1 , q2σ1)sl+r−1(q2ǫ2 , q2σ2)ς(r)l−1(eiθ)
−
{(
q−2(l+ǫ1)+1 + q2(l+r+ǫ2)eiθ
)(
1− q2e2iθ)− q2e2iθ(1− q2(r+ǫ2−ǫ1)−1e−iθ)·(
q2σ1 + q−2σ1
)
+ qeiθ
(
1− q2(r+ǫ2−ǫ1)+1eiθ)(q2σ2 + q−2σ2)}ς(r)l (eiθ),
provided that q2(l+ǫ1±σ1)−1 < 1. Here the definition of ς
(r)
l according to equation
(35) has been taken into account.
In view of the expression (26) for ρ
(r)±
l (e
iθ), the relation (175) with the replace-
ment θ → −θ is satisfied as well. In the case q2(l+ǫ2±σ1)−1 < 1, it leads to
(177) q2(r+ǫ2+2)e−3iθ
(
1− q2(r+ǫ2−ǫ1)+1e−iθ)ς(r)l (q−2eiθ) =
q−2(l+ǫ1)+2
(
1− q2e−2iθ)sl−1(q2ǫ1 , q2σ1)sl+r−1(q2ǫ2 , q2σ2)ς(r)l−1(eiθ)
−
{(
q−2(l+ǫ1)+1 + q2(l+r+ǫ2)e−iθ
)(
1− q2e−2iθ)− q2e−2iθ(1− q2(r+ǫ2−ǫ1)−1eiθ)·(
q2σ1 + q−2σ1
)
+ qe−iθ
(
1− q2(r+ǫ2−ǫ1)+1e−iθ)(q2σ2 + q−2σ2)}ς(r)l (eiθ).
Alternatively, the expression (36) for ς
(r)
l (e
iθ) can be employed. Then the rela-
tions (173) and (174) with A → q−2(r+ǫ2−ǫ1)+1eiθ, B → q2(σ2−σ1)+1eiθ, C →
q−2(σ1+σ2)+1eiθ, D → −q−2(l+r+ǫ2+σ1)+2eiθ, E → q2e2iθ give rise to the equations
(176) and (177) in the case q−2(l+ǫ1−σ1)+1 < 1.
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The contiguous relation (48) combines ρ
(r)±
l−1 (e
iθ), ρ
(r)±
l+1 (e
iθ) and ρ
(r)±
l (e
iθ). A
linear combination of both sign options following equation (35) yields the corre-
sponding relation for ς
(r)
l (e
iθ) given by
(178) q−2(l+ǫ1)+2sl−1
(
q2ǫ1 , q2σ1
)
sl+r−1
(
q2ǫ2 , q2σ2
)
ς
(r)
l−1
(
eiθ
)
+ q−2(l+ǫ1+1)sl
(
q2ǫ1 , q2σ1
)
sl+r
(
q2ǫ2 , q2σ2
)
ς
(r)
l+1
(
eiθ
)
−
{
q−2(l+ǫ1)−1(1 + q2) + q2(l+r+ǫ2)
(
eiθ + e−iθ
)
+ q2σ1 + q−2σ1 + q2(r+ǫ2−ǫ1)·(
q2σ2 + q−2σ2
)}
ς
(r)
l
(
eiθ
)
= 0.
According to the definition of the coproduct, the modules W (ǫ1,q
2σ1)(z˜
1
2 ) and
W (ǫ2,q
2σ2)∗(z˜−
1
2 ) by (7), (8) and (9), the action of ∆
z˜
1
2
(e1e0+y±e0e1) on the finite
sum
N∑
l=−M
ς
(r)
l (e
iθ)w
(ǫ1,q
2σ1 )
l ⊗ w(ǫ2,q
2σ2 )∗
l+r
is given by
(179) (1− q2)2∆
z˜
1
2
(
e1e0 + y±e0e1
) N∑
l=−M
ς
(r)
l (e
iθ)w
(ǫ1,q
2σ1 )
l ⊗ w(ǫ2,q
2σ2 )∗
l+r =
N∑
l=−M
{
(1 + y±q
2)z˜
1
2 q−2(l+ǫ1)+2sl−1
(
q2ǫ1 , q2σ1
)
sl+r−1
(
q2ǫ2 , q2σ2
)
ς
(r)
l−1(e
iθ)
+ (q2 + y±)z˜
− 12 q−2(l+r+ǫ2)sl
(
q2ǫ1 , q2σ1
)
sl+r
(
q2ǫ2 , q2σ2
)
ς
(r)
l+1(e
iθ)
−
[
z˜
1
2 q−2(l+ǫ1)+1
(
s2l
(
q2ǫ1 , q2σ1
)
+ y±q
2s2l−1
(
q2ǫ1 , q2σ1
))
+ z˜−
1
2 q−2(l+r+ǫ2)+1
(
q2s2l+r−1
(
q2ǫ2 , q2σ2
)
+ y±s
2
l+r
(
q2ǫ2 , q2σ2
))]
ς
(r)
l (e
iθ)
}
· w(ǫ1,q2σ1 )l ⊗ w(ǫ2,q
2σ2 )∗
l+r
− (1 + y±q2)z˜ 12 q2(M−ǫ1+1)s−M−1
(
q2ǫ1 , q2σ1
)
s−M−1+r
(
q2ǫ2 , q2σ2
)
ς
(r)
−M−1(e
iθ)·
w
(ǫ1,q
2σ1 )
−M ⊗ w(ǫ2,q
2σ2 )∗
−M+r
+ (q2 + y±)z˜
− 12 q2(M−r−ǫ2+1)s−M−1
(
q2ǫ1 , q2σ1
)
s−M−1+r
(
q2ǫ2 , q2σ2
)
ς
(r)
−M (e
iθ)·
w
(ǫ1,q
2σ1 )
−M−1 ⊗ w(ǫ2,q
2σ2 )∗
−M−1+r
+(1+y±q
2)z˜
1
2 q−2(N+ǫ1)sN
(
q2ǫ1 , q2σ1
)
sN+r
(
q2ǫ2 , q2σ2
)
ς
(r)
N (e
iθ)w
(ǫ1,q
2σ1 )
N+1 ⊗w(ǫ2,q
2σ2 )∗
N+r+1
− (q2 + y±)z˜− 12 q−2(N+r+ǫ2)sN
(
q2ǫ1 , q2σ1
)
sN+r
(
q2ǫ2 , q2σ2
)
ς
(r)
N+1(e
iθ)·
w
(ǫ1,q
2σ1 )
N ⊗ w(ǫ2,q
2σ2 )∗
N+r .
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By means of the relations (176), (177) and (178), the sum on the rhs is expressed
by
(180)
N∑
l=−M
{[
(1 + y±q
2)z˜
1
2 − (q2 + y±)z˜− 12 q−2(r+ǫ2−ǫ1)+2
]
e±3iθ·
λ±
(
1− q2(r+ǫ2−ǫ1)+1e±iθ)ς(r)l (q±2eiθ)
− z˜ 12 (1− z−1qe∓iθ)[q2(1− q2(r+ǫ2−ǫ1)−3e±iθ)+ y±(1− q2(r+ǫ2−ǫ1)+1e±iθ)]·
q2(l+ǫ1)+1ς
(r)
l (e
iθ)
− (1 + y±)q2
[
z˜
1
2
(
q2σ1 + q−2σ1
)
+ z˜−
1
2
(
q2σ2 + q−2σ2
)]
ς
(r)
l (e
iθ)
−q2e±2iθ
[
(1+y±q
2)z˜
1
2
(
q2σ1+q−2σ1
)
+(q2+y±)z˜
− 12 q−2(r+ǫ2−ǫ1)+1e∓iθ
(
q2σ2+q−2σ2
)]·
1− q2(r+ǫ2−ǫ1)−1e∓iθ
1− q2e±2iθ ς
(r)
l (e
iθ)
+qe±iθ
[
(1+y±q
2)z˜
1
2
(
q2σ2+q−2σ2
)
+(q2+y±)z˜
− 12 q−2(r+ǫ2−ǫ1)+1e∓iθ
(
q2σ1+q−2σ1
)]·
1− q2(r+ǫ2−ǫ1)+1e±iθ
1− q2e±2iθ ς
(r)
l (e
iθ)
}
w
(ǫ1,q
2σ1 )
l ⊗ w(ǫ2,q
2σ2 )∗
l+r ,
where λ− = q
2(r+ǫ2+2) and
λ+ = q
−2(r+ǫ2)e−2iθ·(
1−q2(σ1+σ2)+1eiθ)(1−q2(σ1−σ2)+1eiθ)(1−q2(σ2−σ1)+1eiθ)(1−q−2(σ1+σ2)+1eiθ).
Setting
(181) y± = −
q2
(
1− q2(r+ǫ2−ǫ1)−3e±iθ)
1− q2(r+ǫ2−ǫ1)+1e±iθ ,
the second contribution to (180) vanishes. With the choice (181), multiplication by
ar(e
iθ) and application of R(z˜
1
2 , z
1
2 ) on both sides of equation (179) making use of
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(180) yields
(182)
1− q2
1 + q2
R(z˜
1
2 , z
1
2 )∆
z˜
1
2
(
e1e0 + y±e0e1)ar(e
iθ)
N∑
l=−M
ς
(r)
l (e
iθ)w
(ǫ1,q
2σ1 )
l ⊗ w(ǫ2,q
2σ2 )∗
l+r
=
∞∑
k=−∞
w
(ǫ3,q
2σ3 )
k ⊗ w(ǫ4,q
2σ4 )∗
k+r ·{
λ±z˜
1
2
(
1− z−1qe±iθ)e±3iθ ar(eiθ)
ar(q±2eiθ)
τ
(r,k;N,M)
(
q±2eiθ
)
− q
2
(
1 + e±2iθ
)
(1 + q2)
(
1− q2e±2iθ)[z˜ 12 (q2σ1 + q−2σ1)+ z˜− 12 (q2σ2 + q−2σ2)]τ (r,k;N,M)(eiθ)
+
qe±iθ
1− q2e±2iθ
[
z˜
1
2
(
q2σ2 + q−2σ2
)
+ z˜−
1
2
(
q2σ1 + q−2σ1
)]
τ
(r,k;N,M)(eiθ)
+ ar(e
iθ)
(
1− q2(r+ǫ2−ǫ1)+1e±iθ)−1q−2(N+ǫ1)sN(q2ǫ1 , q2σ1)sN+r(q2ǫ2 , q2σ2)·[
z˜
1
2R
k,k+r∗
N+1,N+r+1∗ς
(r)
N (e
iθ)− z˜− 12 q−1e±iθRk,k+r∗N,N+r∗ς(r)N+1(eiθ)
]
−ar(eiθ)
(
1−q2(r+ǫ2−ǫ1)+1e±iθ)−1q2(M−ǫ1+1)s−M−1(q2ǫ1 , q2σ1)s−M−1+r(q2ǫ2 , q2σ2)
·
[
z˜
1
2R
k,k+r∗
−M,−M+r∗ς
(r)
−M−1(e
iθ)− z˜− 12 q−1e±iθRk,k+r∗−M−1,−M−1+rς(r)−M (eiθ)
]}
.
Referring to the intertwining property (13) and the definition of τ (r,k;N,M)(eiθ) by
(170), the lhs of equation (182) is rewritten by
(183)
1− q2
1 + q2
∆
z−
1
2
(
e1e0 + y±e0e1
) ∞∑
k=−∞
τ
(r,k;N,M)(eiθ)w
(ǫ4,q
2σ4 )
k ⊗ w(ǫ3,q
2σ3 )∗
k+r =(
1− q2(r+ǫ2−ǫ1)+1e±iθ)−1·
∞∑
k=−∞
{
z−
1
2 q−2(k+ǫ4)+2sk−1
(
q2ǫ4 , q2σ4
)
sk+r−1
(
q2ǫ3 , q2σ3
)
τ
(r,k−1;N,M)(eiθ)
+ z
1
2 q−2(k+ǫ4)−1e±iθsk
(
q2ǫ4 , q2σ4
)
sk+r
(
q2ǫ3 , q2σ3
)
τ
(r,k+1;N,M)(eiθ)
− z 12
[
q−2(k+ǫ4)e±iθ + q
2
1+q2
(
1 + q2(r+ǫ2−ǫ1)−1e±iθ
)(
q2σ3 + q−2σ3
)
+ q2(k+r+ǫ3)+1
]
·
τ
(r,k;N,M)(eiθ)
− z− 12
[
q−2(k+ǫ4)+1 + q
2
1+q2
(
1+ q2(r+ǫ2−ǫ1)−1e±iθ
)(
q2σ4 + q−2σ4
)
+ q2(k+r+ǫ3)e±iθ
]
·
τ
(r,k;N,M)(eiθ)
}
w
(ǫ4,q
2σ4 )∗
k ⊗ w(ǫ3,q
2σ3 )∗
k+r .
Equating the coefficients of w
(ǫ4,q
2σ4 )
k ⊗ w(ǫ3,q
2σ3 )∗
k+r on the rhs of (182) and (183),
the limit N,M →∞ gives rise to an inhomogeneous relation satisfied by the sums
τ
(r,k)(eiθ) and τ (r,k)(q±2eiθ). According to the results (24) and (37), the last two
lines of the expression (182) vanish in the limitM →∞ provided that |zq±1eiθ| < 1.
In the limit N →∞, the two preceeding lines tend towards a finite limit expressed
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by
z˜
1
2
(
1− z−1q−1e±iθ)(1− q2(r+ǫ2−ǫ1)+1e±iθ)−1q−2ǫ1+1·
lim
N→∞
(
q−NRk,k+r
∗
N,N+r∗
)
lim
N ′→∞
(
q−N
′
ar(e
iθ)ς
(r)
N ′ (e
iθ)
)
with the two limits in the second line specified by (22) and (35) supplemented
by (32). The first limit depends on the parameters ǫ1, ǫ2 and q
2σ1 , q2σ2 only
through the difference ǫ2 − ǫ1 and through the factors q2(±σ1+σ2) = q2(±σ3+σ4)
and q2(±σ1−σ2) = q2(±σ3−σ4). Due to the particular choices of ar(e
iθ), the second
limit factorizes into a part with the same properties and a part invariant under
the exchange ǫ1 ↔ ǫ′1, ǫ2 ↔ ǫ′2, q2σ1 ↔ αα′q2σ1 , q2σ2 ↔ αα′q2σ2 . Therefore,
multiplying the inhomogeneous relation by αq2ǫ1 and subtracting the same relation
for the parameters ǫ′1, ǫ
′
2, q
2σ′1 = αα′q2σ2 , q2σ
′
2 = αα′q2σ2 with ǫ′2−ǫ′1 = ǫ2−ǫ1 yields
the homogeneous relation for τ (r,k)(eiθ)− αα′q2(ǫ′1−ǫ1)τ ′(r,k)(eiθ) = Ξ(r,k)(eiθ) and
Ξ(r,k)(q±2eiθ) given by (64).
B.2. A further relation. In the following the z-dependence ofRk,k+r
∗
l,l+r∗ and r
k,k+r∗
l,l+r∗
is indicated writing Rk,k+r
∗
l,l+r∗ (z) and r
k,k+r∗
l,l+r∗ (z). Moreover, the last sums in (88) and
(89) are denoted as τ̂ (r,k)(z, eiθ) and τ̂ ′(r,k)(z, eiθ). Referring to the expression
(156) for Rk,k+r
∗
l,l+r∗ (z) in the case |q−2(k+r+ǫ3−σ3)+1| < 1, the contiguous relation
[[17]:2.2] with a → −αq2(l+ǫ1−σ3+2σ4)+1, b → zq2(σ4−σ3+1), c → z−1q2(σ4−σ3),
d→ −αq2(l+ǫ1−σ3)+1, e→ −αq2(l+r+ǫ2+σ4)+1, f → −q2(k+ǫ4+σ4)+1 combined with
[[17]:2.3] with a → −αq2(l+ǫ1−σ3+2σ4)+1, b → −q2(k+ǫ4+σ4)+3, c → z−1q2(σ4−σ3),
d→ −αq2(l+ǫ1−σ3)+1, e→ −αq2(l+r+ǫ2+σ4)+1, f → zq2(σ4−σ3+1) yields
(184)(
1− zq−2(r+ǫ2−ǫ1))(1− z−1q−2(r+ǫ2−ǫ1))(1− zq2(σ3−σ4))(1− zq−2(σ3+σ4))
1− zq−2(ǫ2−ǫ1) ·
q2σ4−2kRk,k+r
∗
l,l+r∗ (zq
−2) =
νk
(
1− αzq2(l−k+ǫ1−ǫ4))Rk,k+r∗l,l+r∗ (z) + z2λkq2(k+ǫ4+1)(1− αz−1q2(l−k+ǫ1−ǫ4−1))·
Rk+1,k+r+1
∗
l,l+r∗ (z)
with λk = (z − z−1)s−k−r−1(q−2ǫ3 , q2σ3)s−k−1(q−2ǫ4 , q2σ4) and
νk = −z−1q−2σ3
(
1− zq−2(r+ǫ2−ǫ1))(1− zq2(σ3+σ4))(1− zq2(σ3−σ4))
− q−2σ3(z − z−1)(1 + q−2(k+r+ǫ3−σ3)−1)(1 + zq2(k+ǫ4+σ3)+1).
For |q2(k+r+ǫ3+σ3)+1| < 1, equation (184) is shown applying the relation [[17]:2.3]
followed by [[17]:2.2] to the 8W7-series in (160) and (161).
According to the definition by (87), the rhs of (184) with each Rm,m+r
∗
l,l+r∗ (z˜)
replaced by rm,m+r
∗
l,l+r∗ (z˜) equals
αα′z−1q−2(k+ǫ3−ǫ2−ǫ
′
2)+1
(
1− zq−2(r+ǫ2−ǫ1))(1− z−1q−2(r+ǫ2−ǫ1))
1− zq2(ǫ1−ǫ2) ·(
1− zq2(σ3+σ4))(1− zq2(σ3−σ4))(1− zq2(σ4−σ3))(1− zq−2(σ3+σ4))rk,k+r∗l,l+r∗ (zq−2).
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Dividing the relations (176) and (177) by 1 − q2e2iθ and 1 − q2e−2iθ, respectively,
the difference reads
(185) λ+e
3iθ 1− q2(r+ǫ2−ǫ1)+1eiθ(
1− q2e2iθ)(eiθ − e−iθ) ς(r)l (q2eiθ)
− λ−e−3iθ 1− q
2(r+ǫ2−ǫ1)+1e−iθ(
1− q2e−2iθ)(eiθ − e−iθ) ς(r)l (q−2eiθ) + q2(l+r+ǫ2)ς(r)l (eiθ) =
αq2(
1− q2e2iθ)(1− q2e−2iθ){[eiθ + e−iθ − q2(r+ǫ2−ǫ1)(q + q−1)](q2σ3 + q−2σ3)
−
[
q + q−1 − q2(r+ǫ2−ǫ1)(eiθ + e−iθ)
](
q2σ4 + q−2σ4
)}
ς
(r)
l (e
iθ)
with ς(r)(eiθ) defined by equation (35). Multiplying the contiguous relation for
rm,m+r
∗
l,l+r∗ (z) by ar(e
iθ)ς
(r)
l (e
iθ) and making use of (185) to eliminate the factor q2l
leads to
(186) αα′z−1q−2(k+ǫ3−ǫ2−ǫ
′
2)+1
(
1− zq−2(r+ǫ2−ǫ1))(1− z−1q−2(r+ǫ2−ǫ1))
1− zq−2(ǫ2−ǫ1) ·(
1− zq2(σ3+σ4))(1− zq2(σ3−σ4))(1− zq2(σ4−σ3))(1− zq−2(σ3+σ4))τ̂ (r,k)(zq−2, eiθ)
= νk τ̂
(r,k)(z, eiθ) + z2λkq
2(k+ǫ4+1) τ̂ (r,k+1)(z, eiθ)
+ αzq−2(r+ǫ2−ǫ1)
{
λ+e
3iθ 1− q2(r+ǫ2−ǫ1)+1eiθ(
1− q2e2iθ)(eiθ − e−iθ) ar(eiθ)ar(q2eiθ) ·[
λk τ̂
(r,k+1)(z, q2e2iθ) + νkq
−2(k+ǫ4)τ̂ (r,k)(z, q2eiθ)
]
− λ−e−3iθ 1− q
2(r+ǫ2−ǫ1)+1e−iθ(
1− q2e−2iθ)(eiθ − e−iθ) ar(eiθ)ar(q−2eiθ) ·[
λk τ̂
(r,k+1)(z, q−2eiθ) + νkq
−2(k+ǫ4)τ̂ (r,k)(z, q−2eiθ)
]
− q
2(
1− q2e2iθ)(1− q2e−2iθ)
([
eiθ + e−iθ − q2(r+ǫ2−ǫ1)(q + q−1)
](
q2σ3 + q−2σ3
)
−
[
q + q−1 − q2(r+ǫ2−ǫ1)(eiθ + e−iθ)
](
q2σ4 + q−2σ4
))·
[
λk τ̂
(r,k+1)(z, eiθ) + νkq
−2(k+ǫ4)τ̂ (r,k)(z, eiθ)
]}
.
Due to the specifications by (52), (56), (57) and (64), the products αλ+ar(e
iθ)/ar(q
2eiθ)
and αλ−ar(e
iθ)/ar(q
−2eiθ) with eiθ = αα′q2(s+ǫ
′
1+ǫ2)+1 or with eiθ = q2(s
′+ǫ2−ǫ1)−1
coincide for the two sets (59) underlying Ξ(r,k). Therefore the sums τ̂ (r,k)(z˜, eiθ˜) in
(186) can be substituted by τ̂ (r,k)(z˜, eiθ˜)− αα′q2(ǫ′2−ǫ2)τ̂ ′(r,k)(z˜, eiθ˜).
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